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PREFACE

Calculus is one of the milestones of human thought. In addition to its longstanding
role as the gateway to science and engineering, calculus is now found in a diverse
array of applications in business, economics, medicine, biology, and the social
sciences. In today’s technological world, in which more and more ideas are quan-
tified, knowledge of calculus has become essential to an increasingly broad cross-
section of the population.

Today’s students, more than ever, comprise a highly heterogeneous group.
Calculus students come from a wide variety of disciplines and backgrounds. Some
study the subject because it is required, and others do so because it will widen their
career options. Mathematics majors are going into law, medicine, genome research,
the technology sector, government agencies, and many other professions. As the
teaching and learning of calculus is rethought, we must keep our students’ back-
grounds and futures in mind.

In our text, we seek to offer the best in current calculus teaching. Starting in
the 1980s, a vigorous discussion began about the approaches to and the methods
of teaching calculus. Although we have not abandoned the basic framework of
calculus instruction that has resulted from decades of experience, we have
incorporated a number of the newer ideas that have been developed in recent
years. We have worked hard to address the needs of today’s students, bringing
together time-tested as well as innovative pedagogy and exposition. Our goal is to
enhance the critical thinking skills of the students who use our text so that they
may proceed successfully in whatever major or discipline that they ultimately
choose to study.

Many resources are available to instructors and students today, from Web sites
to interactive tutorials. A calculus textbook must be a tool that the instructor can
use to augment and bolster his or her lectures, classroom activities, and resources.
It must speak compellingly to students and enhance their classroom experience. It
must be carefully written in the accepted language of mathematics but at a level
that is appropriate for students who are still learning that language. It must be
lively and inviting. It must have useful and fascinating applications. It will acquaint
students with the history of calculus and with a sense of what mathematics is all
about. It will teach its readers technique but also teach them concepts. It will show
students how to discover and build their own ideas and viewpoints in a scientific
subject. Particularly important in today’s world is that it will illustrate ideas using
computer modeling and calculation. We have made every effort to insure that ours
is such a calculus book.

To attain this goal, we have focused on offering our readers the following:

e A writing style that is lucid and readable
e Motivation for important topics that is crisp and clean
e Examples that showcase all key ideas

e Seamless links between theory and applications

Applications from diverse disciplines, including biology, economics, physics, and
engineering

xiii
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o Graphical interpretations that reinforce concepts
e Numerical investigations that make abstract ideas more concrete

Content

In this second edition of Calculus, we present topics in a sequence that is fairly
close to what has become a standard order for an “early transcendentals” approach
to calculus. In the outline that follows, we have highlighted the few topics that arise
outside the commonplace order.

In Chapter 1, we review the real number system, the Cartesian plane, functions,
inverse functions, graphing, and trigonometry. In this chapter, we introduce infinite
sequences (Section 1.4) and parametric curves (Section 1.5).

We begin Chapter 2 with an informal discussion of limits before we proceed to
a more precise presentation. After introducing the notion of continuity, we turn
to limits of sequences, which we use to define exponential functions. Logarithmic
functions are then defined using the discussion of inverse functions found in
Chapter 1.

Chapter 3 introduces the derivative and develops the standard rules of dif-
ferentiation. Numerical differentiation is covered as well. In the section on implicit
differentiation, we also consider slopes and tangent lines for parametric curves. The
chapter concludes with the differential calculus of inverse trigonometric, hyper-
bolic, and inverse hyperbolic functions. The remainder of the text has been written
so that instructors who wish to omit hyperbolic functions may do so.

After a section on related rates, Chapter 4 presents the standard applications of
the differential calculus to the analysis of functions and their graphs. A section
devoted to the Newton-Raphson Method of root approximation is optional.

Chapter 5 features a rapid approach to the evaluation of Riemann integrals.
The other direction of the Fundamental Theorem of Calculus, the differentiation of
an integral with respect to a limit of integration, is presented later in the chapter. In
an optional section that follows, an alternative approach to logarithmic and
exponential functions is developed. The section on evaluating integrals by sub-
stitution includes helpful hints for using the extensive table of integrals that is
provided at the back of the book. Chapter 5 concludes with a section on numerical
integration.

Chapter 6 treats techniques of integration, including integration by parts and
trigonometric substitution. The method of partial fractions is divided into two
sections: one for linear factors and one for irreducible quadratic factors. In a
streamlined calculus course, the latter can be omitted. Improper integrals are also
split into two sections: one for unbounded integrands and one for infinite intervals
of integration.

Geometric applications of the integral, including the volume of a solid of
revolution, the arc length of the graph of a function, the arc length of a parametric
curve, and the surface area of a surface of revolution, are presented in Chapter 7.
Other applications of the integral include the average value of a continuous func-
tion, the mean of a random variable, the calculation of work, and the determination
of the center of mass of a planar region. The final two sections of Chapter 7 are
devoted to separable and linear first order differential equations.
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After a brief review of infinite sequences, Chapter 8, the last chapter of Cal-
culus: Single Variable, discusses infinite series, power series, Taylor polynomials,
and Taylor series.

Structural Elements

We start each chapter with a preview of the topics that will be covered. This short
initial discussion gives an overview and provides motivation for the chapter. Each
section of the chapter concludes with three or four Quick Quiz questions located
before the exercises. Some of these questions are true/false tests of the theory.
Most are quick checks of the basic computations of the section. The final section of
every chapter is followed by a summary of the important formulas, theorems,
definitions, and concepts that have been learned. This end-of-chapter summary is,
in turn, followed by a large collection of review exercises, which are similar to the
worked examples found in the chapter. Each chapter ends with a section called
Genesis & Development, in which we discuss the history and evolution of the
material of the chapter. We hope that students and instructors will find these
supplementary discussions to be enlightening.

Occasionally within the prose, we remind students of concepts that have been
learned earlier in the text. Sometimes we offer previews of material still to come.
These discussions are tagged A Look Back or A Look Forward (and sometimes both).

Calculus instructors frequently offer their insights at the blackboard. We have
included discussions of this nature in our text and have tagged them Insights.

Proofs

During the reviewing of our text, and after the first edition, we received every
possible opinion concerning the issue of proofs—from the passionate Every proof
must be included to the equally fervent No proof should be presented, to the see-
mingly cynical It does not matter because students will skip over them anyway. In
fact, mathematicians reading research articles often do skip over proofs, returning
later to those that are necessary for a deeper understanding of the material. Such
an approach is often a good idea for the calculus student: Read the statement of a
theorem, proceed immediately to the examples that illustrate how the theorem is
used, and only then, when you know what the theorem is really saying, turn back to
the proof (or sketch of a proof, because, in some cases, we have chosen to omit
details that seem more likely to confuse than to enlighten, preferring instead to
concentrate on a key, illuminating idea).

Exercises

There is a mantra among mathematicians that calculus is learned by doing, not by
watching. Exercises therefore constitute a crucial component of a calculus book. We
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have divided our end-of-section exercises into three types: Problems for Practice,
Further Theory and Practice, and Calculator/Computer Exercises. In general, exer-
cises of the first type follow the worked examples of the text fairly closely. We have
provided an ample supply, often organized into groups that are linked to particular
examples. Instructors may easily choose from these for creating assignments. Stu-
dents will find plenty of unassigned problems for additional practice, if needed.

The Further Theory and Practice exercises are intended as a supplement that the
instructor may use as desired. Many of these are thought problems or open-ended
problems. In our own courses, we often have used them sparingly and sometimes not
at all. These exercises are a mixed group. Computational exercises that have been
placed in this subsection are not necessarily more difficult than those in the Problems
for Practice exercises. They may have been excluded from that group because they
do not closely follow a worked example. Or their solutions may involve techniques
from earlier sections. Or, on occasion, they may indeed be challenging.

The Calculator/Computer exercises give the students (and the instructor) an
opportunity to see how technology can help us to see, and to perceive. These are
problems for exploration, but they are problems with a point. Each one teaches a
lesson.

Notation

Throughout our text, we use notation that is consistent with the requirements of
technology. Because square brackets, brace brackets, and parentheses mean dif-
ferent things to computer algebra systems, we do not use them interchangeably.
For example, we use only parentheses to group terms.

Without exception, we enclose all functional arguments in parentheses. Thus,
we write sin(x) and not sin x. With this convention, an expression such as cos(x)” is
unambiguously defined: It must mean the square of cos(x); it cannot mean the
cosine of (x)* because such an interpretation would understand (x)* to be the
argument of the cosine, which is impossible given that (x)* is not found inside
parentheses. Our experience is that students quickly adjust to this notation because
it is logical and adheres to strict, exceptionless rules.

Occasionally, we use exp(x) to denote the exponential function. That is, we
sometimes write exp(x) instead of e*. Although this practice is common in the
mathematical literature, it is infrequently found in calculus books. However,
because students will need to code the exponential function as exp(x) in Matlab
and in Maple, and as Exp[x] in Mathematica, we believe we should introduce them
to what has become an important alternative notation. Our classroom experience
has been that once we make students aware that exp(x) and ¢* mean the same
thing, there is no confusion.

The Second Edition

For this second edition, we have moved our coverage of inverse functions to
Chapter 1. Logarithmic functions now closely follow the introduction of exponential
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functions in Chapter 2. The remaining standard transcendental functions of the
calculus curriculum now appear in Chapter 3. The topic of related rates has been
moved to the chapter on applications of the derivative. We deleted a section entirely
devoted to applications of the derivative to economics, but some of the material
survives in the exercises.

We did not discuss the use of tables of integrals in the first edition, but we
now give examples and exercises in Chapter 5, The Integral. Accordingly, we now
provide an extensive Table of Integrals. In the chapter on techniques of integration,
the two sections devoted to partial fractions were separated in the first edition but
are now contiguous. In Chapter 7, Applications of the Integral, the discussion of
density functions has been expanded. The section devoted to separable differential
equations has been moved to this chapter, and a new section on linear differential
equations has been added. In that chapter, we also have expanded our discussion of
density functions. Our treatment of Taylor series in the first edition occupied an
entire chapter and was much longer than the norm. We shortened this material so
that it now makes up two sections of the chapter on infinite series. Nevertheless,
with discussions of Newton’s binomial series and applications to differential
equations, our treatment remains thorough.

The second edition of this text retains all of the dynamic features of the first
edition, but it builds in new features to make it timely and lively. It is an up-to-the-
moment book that incorporates the best features of traditional and present-day
methodologies. It is a calculus book for today’s students and today’s calculus
classroom. It will teach students calculus and imbue students with a respect for
mathematical ideas and an appreciation for mathematical thought. It will show
students that mathematics is an essential part of our lives and make them want to
learn more.

Supplementary Resources

WileyPLUS is an innovative, research-based, online environment for effective
teaching and learning. (To learn more about WileyPLUS, visit www.wileyplus.com.)
What do students receive with WileyPLUS?

e A research-based design. WileyPLUS provides an online environment that
integrates relevant resources, including the entire digital textbook, in an easy-to-
navigate framework that helps students study more effectively.

e WileyPLUS adds structure by organizing textbook content into smaller, more
manageable “chunks.”

e Related media, examples, and sample practice items reinforce the learning
objectives.

e Innovative features such as calendars, visual progress tracking, and self-
evaluation tools improve time management and strengthen areas of weakness.

e One-on-one engagement. With WileyPLUS for Blank/Krantz, Calculus 2" edi-
tion, students receive 24/7 access to resources that promote positive learning
outcomes. Students engage with related examples (in various media) and sample
practice items, including the following:

e Animations based on key illustrations in each chapter
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e Algorithmically generated exercises in which students can click on a “help”
button for hints, as well as a large cache of extra exercises with final answers

e Measurable outcomes. Throughout each study session, students can assess their
progress and gain immediate feedback. WileyPLUS provides precise reporting of
strengths and weaknesses, as well as individualized quizzes, so that students are
confident they are spending their time on the right things. With WileyPLUS,
students always know the exact outcome of their efforts.

What do instructors receive with WileyPLUS?

e Reliable resources. WileyPLUS provides reliable, customizable resources that
reinforce course goals inside and outside of the classroom as well as visibility into
individual student progress. Precreated materials and activities help instructors
optimize their time:

e Customizable course plan. WileyPLUS comes with a precreated course plan
designed by a subject matter expert uniquely for this course. Simple drag-and-
drop tools make it easy to assign the course plan as-is or modify it to reflect your
course syllabus.

e Course materials and assessment content. The following content is provided.

e Lecture Notes PowerPoint Slides

e Classroom Response System (Clicker) Questions

e Instructor’s Solutions Manual

e Gradable Reading Assignment Questions (embedded with online text)

e Question Assignments (end-of-chapter problems coded algorithmically with
hints, links to text, whiteboard/show work feature, and instructor-controlled
problem solving help)

e Gradebook. WileyPLUS provides instant access to reports on trends in class
performance, student use of course materials, and progress towards learning
objectives, helping inform decisions and drive classroom discussions.

Powered by proven technology and built on a foundation of cognitive research,
WileyPLUS has enriched the education of millions of students in more than 20
countries around the world.

For further information about available resources to accompany Blank/Krantz,
Calculus 2™ edition, see www.wiley.com/college/blank.
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Many of the variables encountered in everyday life are subject to continuous

change. When traveling along a straight line from one point to another, we must
pass through all points in between. If a tire deflates from 28 psi (pounds per square
inch) to 10 psi, then at some time in between, it was 194 psi. Everyone reading this
text was, at some time, 7 years old.

Continuous variables often depend on other continuous variables through
precise mathematical laws. The area A of a circle is related to its radius » by the
formula A = 772. When a body that is initially at rest moves under constant
acceleration g, the distance s that it travels in time ¢ is given by s = g¢*> /2. Because r
determines A and ¢ determines s, we say that A is a function of r and s is a function
of t. Calculus provides tools for understanding how continuous variables change
and for investigating the functional relationships between continuous variables.

Before beginning a study of calculus, it is important to understand clearly what
is meant by a “function” and what is meant by a “variable.” We must also have a
way to interpret a functional relationship graphically. These topics are reviewed in
the present chapter. Although some of the topics will be familiar to you from
previous studies, it is likely that you will learn some new ideas as well.



2 Chapter 1 Basics

1.1

V2

Figure 1 Two numbers that
are not rational: the hypotenuse
of a right triangle with base and
height 1 and the circumference of
the circle of diameter 1

Number Systems

The simplest number system is the set of natural numbers 0,1, 2, 3, ..., denoted by
the letter N. Multiplication and addition are operations in N, meaning that the sum
or product of two natural numbers is a natural number. Subtraction, however, may
not make sense if we have only the natural numbers at our disposal. For example,
3—5 has no meaning in N. Therefore we must consider the larger number system Z,
the integers, consisting of the numbers ..., —3,-2,-1,0,1,2,3, ... The set of
positive integers, {1,2,3, ...}, is denoted by Z™.

Although addition, multiplication, and subtraction make sense in the integers,
division may not. For instance, the expression 3/5 does not represent an integer. So
we pass to the larger number system ), which consists of all expressions of the form
a/b where a and b are integers, and b is not zero. This is the system of rational
numbers.

In general, the numbers that we encounter in everyday life—prices, speed
limits, weights, temperatures, interest rates, and so on—are rational numbers.
However, there are also numbers that are not rational. As a simple example, the
length of a diagonal of a square of side length 1 is /2, which is not a rational
number (see Figure 1 and Exercise 57). As another example, the number 7, which
is defined as the circumference of a circle of diameter 1, is not a rational number
(see Figure 1).

When studying calculus, it is important to remember that the rational numbers
are not appropriate for the mathematical process of taking limits. For instance,
although the sequence of rational numbers

31 314 3141 31415
’10° 100’ 1000° 10000 """

seems to tend to, or approach, the decimal representation of =, namely
3.14159265 ... , w is not a rational number—it cannot be represented as a quotient
of integers.

At present, when we use expressions like “tend to” and “approach a limit”
or “limits,” we are speaking intuitively. Later, when we deal with infinite decimal
expansions, we will also do so intuitively. Chapter 2 makes the notion of limit more
precise. Chapter 8 discusses in detail the ideas connected with infinite decimal
expansions.

Because calculus involves the systematic use of various kinds of limiting pro-
cesses, we work not with rational numbers but with the larger real number system
R, which consists of all three types of infinite decimal expansions:

1. Decimal expansions that, after a finite number of digits, contain only zeros This
type of decimal expansion is called terminating. The number 2.657000 ... is an
example. We would ordinarily write this number as 2.657 and would recognize it
as the rational number 2657/1000. Any other real number with a decimal expan-
sion that is terminating can be displayed as a rational number in the same way.

2. Nonterminating expansions that, after a finite number of terms, repeat a single
block of terms endlessly An example is the number x = 8.347626262. ... Notice
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that, after the digit 7, the block 62 is repeated endlessly. To understand this
number, we write
100000x = 834762.626262 . . .
1000x = 8347.626262 . . .

Subtracting the second equation from the first gives 99000x = 826415, or
x = 826415/99000. We can adapt this procedure to demonstrate that any number
of this type is rational. Conversely, we can use long division to convert every
rational number to a decimal expansion that either terminates or repeats.

3. Nonterminating, nonrepeating decimal expansions Numbers of this type cannot
be rational and are therefore called irrational. As was mentioned earlier, the
numbers v/2 and r are irrational: The first several digits of their decimal expansions
are 1.41421356... and 3.14159265.. ., respectively.

Because any decimal expansion must be one of these three types, every real
number is either a rational number or an irrational number. To aid in thinking and
to display answers, it helps to exhibit real numbers in a diagram, such as a number
line. Begin with an infinite line with equally spaced points representing the integers.
Subdivide the line to represent fractions (see Figure 2). With sufficiently accurate
tools, it is possible to determine which point corresponds to any terminating deci-
mal expansion. This still leaves many unlabeled points, which are limits of
sequences of the points that have already been labeled. In other words, the unla-
beled points correspond to the nonterminating decimal expansions. In this way, we
can think of each point of the line as corresponding to a real number and vice versa.

The most common way to describe a set of real numbers is with the notation
{x:P(x)}, which is read “the set of all x that satisfy the property P(x).” If x belongs
to a set S, we say that x is an element, or a member, of S, and we write x € S.

» EXAMPLE 1 Sketchthesets S={s:1<s<4}and T={r: -2 =t<3}.

Solution The sets are sketched in Figure 3. A solid dot indicates that —2 is
included in 7, whereas hollow dots show that 1 and 4 are missing from S and that 3
is missing from 7. <«

Frequently, the expression P(x) is complicated and requires a calculation
before we can determine the set being described.

» EXAMPLE 2 Sketch the set U= {u:2u+5>3u—9}.

Solution We must first simplify the inequality 2u + 5>3u — 9. Add 9 and subtract
2u from both sides to obtain 14 > u. Therefore U = {u : u <14}. The sketch is in
Figure 4. «

If x is a real number, then the expression |x|, called the absolute
value of x, represents the linear distance from x to 0 on the number line. If x =0,
then |x| = x. If x <0, then |x| = — x. Figure 5 illustrates these cases.

The absolute value arises frequently. For example, both x and — x are square
roots of x*. Because the expression vx2 denotes the nonnegative square root of x?,
we may write
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without having to worry about the sign of x. The following example illustrates
another convenient use of absolute value.

> EXAMPLE 3 Sketch the set V= {x:|x —4|=3}.

Solution We must solve the inequality |x — 4| =3.

Case 1. If x —4>0, then |x — 4| =3 becomes (x —4) =3 or x =7. The conditions
x —4>0 and x =7 taken together yield 4 <x =7.

Case 2. If x —4 <0, then |x — 4| =3 becomes —(x —4) =<3 or —3=(x —4). This is
equivalent to 1 = x. The conditions x —4 <0 and 1 = x taken together yield
1=x<4.

Case 3. If x—4=0, then x=4 and |x — 4| =3 becomes 0 =3 which is certainly
true. To summarize, we have learned that

V={x:4<x=T7o0rl=x<4orx=4}.

This can be written more concisely as V= {x:1 =x=7}. A sketch of V'is
given in Figure 6. <«

If we redo the analysis of Example 3 using any constant ¢ instead of the
number 4 and any nonnegative constant r instead of the number 3, then we see that
the inequality |x — c| =r is equivalent to the two inequalities —r<x—c and x —c=<r.
These two inequalities can be expressed concisely as ¢ —r =<x =c + r. That is,

{x:jx—c|=r}={x:c—r=x=c+r}. (1.1.1)

In words, the set we are describing is simply those points with distance from c less than or
equal to r.

The distance between two real numbers x and y is either x — y or
y — x, whichever is nonnegative. A convenient way to say this is that the dis-
tance between x and y is |x — y|.

The definition of distance helps describe the set V ={x:|x —4| =3} from
Example 3 as the set of numbers x with a distance from 4 that is less than or equal
to 3. This interpretation reinforces the finding that V is the set of x such that
l=x=7.

The most frequently encountered sets of real numbers are intervals. The sets S, T,U,
and V from Examples 1, 2, and 3 are examples of intervals. If a and b are real
numbers with a <b, then we can produce the following four types of bounded
intervals (see also Figure 7).

(a,b)={x:a<x<b}
[a,b]={x:a =x = b}
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[a,b)={x:a =x<b}
(a,b]={x:a<x = b}

Intervals of the form (a, b) are called open, whereas those of the form [a, b] are
called closed. The other two types are called either half open or half closed (these
two terms are interchangeable). If / is any one of these four types of bounded
intervals, then we say that a is the left endpoint of I, and b is the right endpoint of I.
The interval [a, a] is simply the set {a}, which means it has only the number « in it.
Notice that an interval such as (g, a) does not contain any point. When a set has no
elements, it is called the empty set and is denoted by the symbol (.

If a and b are the left and right endpoints, respectively, of an interval 7, then the
midpoint (or center) ¢ of I is given by

a+b
B

It is easy to verify that c is equally distant from each of the endpoints:

a+b b—a a+b
o] (552) 4452 ()

» EXAMPLE 4 Write the interval (3, 11) in the form {x:|x —¢|<r}.

c=

Solution Because I= {x:|x —c|<r} is the set of points with a distance from
c that is less than r, we can deduce that ¢ is the midpoint of /. The midpoint of
the interval (3,11) is (3 +11)/2, or 7. Therefore ¢ =7. The distance r between
¢ and the endpoints 3 and 11 is 4. We can therefore write the interval (3,11) as
{x:|x=7|<4}. «

When working with inequalities, we often want to multiply or divide each
side by a nonzero number c. Inequalities are preserved under multiplication or
division by positive numbers. For example, if x=y and 0<c, then cx=cy.
Inequalities are reversed under multiplication or division by negative numbers.
Thus if x <y and ¢ <0, then cx =cy.

» EXAMPLE 5 Write theset W = {x: |3x — 18| = 6} as a closed interval [q, b].
Solution We first multiply each side of |3x—18| =6 by 1/3 to obtain

%|3x—18| =16 or

W] =

= (3x — = 2,0r
‘;(3 18)’ 2
lx —6] = 2.

The inequality |x — 6] =2 is shorthand for the two inequalities —2=x — 6 =2.
By adding 6 to each side, we obtain 4 =x=8. Thus W is the closed interval
[4,8]. «

We can use the symbolscoand — cotogether with interval notation to describe
some intervals with only one endpoint or with no endpoints (see Figure 8). These
intervals are
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(a,0)={x:a<x}
[a,0)={x:a = x}
(—oo,b) ={x : x<b}
(—oo,b]={x:x = b}

Each of these intervals is an unbounded interval, as opposed to the bounded
intervals described earlier.

The symbols oo and —co do not represent real numbers. They are simply
a convenient notational device. We never write [—o0,a) or any other expression
suggesting that +oo or —oo is an element of a set of real numbers.

> EXAMPLE 6 Solve the inequality

3x—2
|x +1] '

Solution Observe that x cannot equal —1. For other values of x, we clear the
denominator by multiplying both sides of the equation by |x + 1|. This quantity
is never negative, so the multiplication preserves the inequality. The result is
3x —2>|x+1|. We divide our analysis of this last inequality into two cases,
according to the sign of the expression inside the absolute value.

If x>—1, then x+1>0, and |x + 1| =x + 1. The inequality 3x —2> |x + 1|
becomes 3x — 2> (x + 1), which simplifies to x >3/2. The points that satisfy both
x> —1 and x> 3/2 make up the interval (3/2,c0)

In the second case, when x < —1, the expression x + 1 is negative, and, as a
consequence, |x+1|=—(x+1). The inequality 3x—2>|x+1| becomes
3x —2> — (x + 1), which simplifies to x > 1/4. There are, however, no points that
satisfy both x < —1 and x > 1/4.

In summary, we see that the set of points satisfying the given inequality is
simply the interval (3/2, c0) that we found in the first case. <«

If A is a set of real numbers, and x is a number in A, then we write x € A. Given
two sets A and B of real numbers, we can form the union AUB = {x:x € Aorx € B}
and the intersection AnB = {x : x € Aandx € B}. In words, the union A U B consists
of every real number that is in at least one of the two sets A and B. The intersection
A N B consists of every real number that is in both sets A and B.

> EXAMPLE 7 Let A={x:|x|=5} and B={x:|x|>3}. Describe the
intersection A N B as a union of intervals.

Solution Using set equation (1.1.1) with r=5 and ¢ =0, we have A ={x:—-5=
x =5} =[-5,5]. To determine if a real number x is in the set B, we consider the
cases x >0, x =0, and x <0 separately. If x >0, then |x| = x. Therefore a positive
number x is in B if and only if x > 3. If x =0, then |x| =0, and x is not in B. If x <0,
then —x = |x|. Therefore a negative number x is in B if and only if —x >3, or
x<—=3. Thus B=(—o0,—3) u (3,00). Figure 9 shows that A n B=[-5,-3)u
(3,5]. «
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It is not difficult to see that |a + b| = |a| + |b| when a and b have the same sign (see
Exercise 53). If @ and b have opposite signs, however, then cancellation occurs in
the sum a + b but not in the sum |a| + |b|. In this case, |a + b| <|a| + |b|. In sum-
mary, all real numbers a and b satisfy

|a +b| = |a| + |b|.

This relationship, called the Triangle Inequality, is a useful tool for estimating the
magnitude of a sum in terms of the magnitudes of its summands.

> EXAMPLE 8 Suppose the distance of a to b is less than 3, and the distance
of b to 2 is less than 6. Estimate the distance of a to 2.

Solution We have |a —2| = |(a — b) + (b — 2)|. By the Triangle Inequality,
la=2|=|a—b|+|b—-2|<3+6=09.
Therefore the distance of a to the number 2 is not greater than 9. <«

The Triangle Inequality can be extended to three or more summands. For
example,

la+b+c| = |a| + |b] +|c|.

Calculus deals with many “infinite processes.” One infinite process that we have
already considered is the decimal expansion of an irrational number. Although we
can think abstractly of irrational numbers such as 7 and v/2, we cannot write all the
digits of their decimal expansions. If a calculator returns the value 3.14159265359
for 7, then it is really displaying an approximation of w. A small error has resulted.
In general, the type of error that results when an infinite process is terminated is
known as a truncation error.
In numerical work, we always have the equation

True value = approximate value + error.

If a is an approximation of the number x, then |x — a| is called the absolute error,
and |x — a|/|x| is called the relative error. Relative error is often of greater concern
than absolute error. For example, an absolute error of $1000 in the national budget
is not serious because it is a very small relative error. The same absolute error in
your personal budget, however, would be far more significant. When we calculate
an approximation, we must ensure that the error term is acceptably small. Often
the size of an allowable error is stated in terms of decimal places.

If the absolute error |x — a is less than or equal to 5x 10~ @D,
then a approximates (or agrees with) x to g decimal places.

> EXAMPLE 9 Does 22/7 approximate 7 to as many decimal places as does
3.14? Does 1.418 approximate v/2 to two decimal places?
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Solution Because | —22/7| =126 ... X 107>, we have

)

5107 =5x107* < |x = ’ <5%x1073=5x10"C",

Therefore 22/7 approximates 7 to two, but not three, decimal places. Similarly,
7T—314=159 ... x 10" and so

5%107° D =5x107* < |7 —3.14| <5x 103 =5x 10"V,

Thus the number 3.14, like 22/7, approximates 7 to two, but not three, decimal
places.

Because |[v2 —1.418/=3.78 .. . X103 <5x 10" ?™Y, we conclude that 1.418
does approximate /2 to two decimal places. <«

Even if two numbers a and b agree to g decimal places, we cannot be
certain that the results of rounding @ and b to g decimal places will be the same. In
Example 9, we see that /2 and 1.418 agree to two decimal places. Rounding these
numbers to two decimal places, however, results in 1.41 and 1.42, respectively.

When working with a calculator or computer software, there are several
sources of error. The errors that we now consider are caused by the way real
numbers are stored in calculators or computers.

The floating point decimal representation of a nonzero real number x is

x=*0.maazas . . . X107

where p is an integer, and ay, a,, ... are natural numbers from 0 to 9 with a; #0.
The decimal point is thought of as “floating” to the left of the first nonzero digit. A
number with a floating point decimal representation of = 0. aja; . . . g X 107 is
said to have k significant digits.

Because the memory of a calculator or computer is finite, it must limit the
number of significant digits with which it works. This can lead to a type of error
known as roundoff error. It is important to understand that a computation can
reduce the number of significant digits. Such a loss of significant digits, or, more
simply, a loss of significance, can occur when two very nearly equal numbers are
subtracted. For example, 0.124 and 0.123 have three significant digits, whereas their
difference, 0.1 X 1072, has only one significant digit. The next example illustrates
why loss of significance is sometimes called catastrophic cancellation.

> EXAMPLE 10 Suppose that x =0.412 X 0.300 — 0.617 X 0.200. A calcu-
lator that displays three significant digits is used to evaluate the products before
subtraction. What relative error results?

Solution When rounded to three significant digits, the products 0.412 X 0.300 = 0.1236
and 0.617 X0.200 =0.1234 become 0.124 and 0.123. The difference of these
numbers is x=0.124 —0.123=0.001 =0.1 X 1072 Of course, x really equals
0.1236 — 0.1234, or 0.2 X 10~>. The relative error is therefore

—al _[02x107°-0.1x107% _08x107° _,
ul 02X 107 021073

3

or 400%. <«
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Computer Algebra From time to time, this book refers to software packages known as computer
Systems algebra systems. A computer algebra system not only performs arithmetic opera-
tions with specific numbers but also carries out those operations symbolically.
When the “factor” command of a computer algebra system is applied to x°—y°, for
example, the result is

(x = y)(x+y)( +xy +y?) (& —xy + 7).

Several calculators now offer some of the capabilities of computer algebra systems.

1. What interval does the set {x:|x — 2| <9} represent?
2. Write the interval (=5,1) in the form {x:|x — ¢| <r}.
3. Write {x:|x + 8| >7} as the union of two intervals.
4. For which numbers b is | =5 + b| less than 5 + |b|?
5. What is the smallest number that approximates 0.997 to two decimal places?
The largest?
Answers

L (=7,11) 2. {x:]x—=(=2)|<3} 3. (=o0,—15) U (=1,%0)
4.5>0 5.0992,1.002

EXERCISES
Problems for Practice 17. {y:|y +4|=10}
. s—=21>
In Exercises 1—6, convert the decimal to a rational frac- 18. {s:]s —2|>8}
tion. (Ellipses are included in some exercises to indicate In Exercises 19—24, sketch the set on a real number
repetition.) line.
1. 2.13 19. {x:2x-5<x+4}
2. 0.00034 20. {s:|s— 2|2< 1}
3. 0.232323... 21. {t:(t—5)"<9/4}
4.2222... 22. {y: 7Ty +4=2y+1}
5. 5.001001001... 23, {x:3x+9| =15}
6. 15.7231231231... 24. {w:2w—12| =1}
In Exercises 7—12, use long division to convert the rational In Exercises 25-28, write the interval in the form
fraction to a (possibly nonterminating) decimal with a {x:lx—cl<r}or {x:|x—c|=r}.
repeating block. Identify the repeating block. 25. [-1,3]
7. 1/40 26. [3, 4v2]
8. 25/8 27. (77T,7T + 2)
9. 5/3 28. (= V2, 7)
10. 2/7
11. 18/25 Further Theory and Practice
12. 31714 29. Explain why the sum and product of two rational num-
In Exercises 13—18, write the set using interval notation. be.rs are always rational. o )
Use the symbol U where appropriate. 30. Give an example of two irrational numbers with a
rational product; give an example of two irrational
13. {x:1=x=3} numbers with a rational sum.
14. {x:|x —2| <5} 31. Two commonly used approximations of 7 are 22/7 and
15. {t:¢t>1} 3.14. How can you tell at a glance that these approx-

16. {u:|u—4|=6} imations cannot be exact?
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32.

33.

34.

35.
36.
37.
38.
39.
40.
41.
42.
43.

Basics

Find the smallest interval of the form {x:|x — 7| =r} that
contains both 22/7 and 3.14. Is r rational or irrational?
A chemistry experiment, if followed exactly, results in
the production of 34.5 g of a compound. To allow for a
small amount of experimental error, the lab instructor
will accept, without penalty, any reported measurement
within 1% of the correct mass. In what interval must a
measurement lie if a penalty is to be avoided? Describe
this interval as a set of the form {x:|x —c|=¢}.

A door designed to be 885 mm wide and 1475 mm high is
to fit in a 895mm X 1485 mm rectangular frame. The
clearance between the door and the frame can be no
greater than 7mm on any side for an acceptable seal to
result. Under anticipated temperature ranges, the door
will expand by at most 0.2% in height and width. The
frame does not expand significantly under these tem-
perature ranges. At all times, even when the door has
expanded, there must be a 1 mm clearance between the
door and the frame on each of the four sides. The door
does not have to be manufactured precisely to specifica-
tions, but there are limitations. In what interval must the
door width lie? The height?

In Exercises 35—43, sketch the set on a real number
line.

{x:x>—2and ¥*<9}
{s:]s+3|<[2s +7|}
{y:y—V7<3y+4=4dy+2}
{t:12 + 6t =10}

{x:|x*=5|=4}

{s:]s+5]<4 and |s —2| =8}
{x:x+1=2x+5>3x+8}
{t:(t—4)<(t—2)* or [t+1]|=4}
{x: ¥ + x| >x* — x}

Describe each set in Exercises 44—47 using interval nota-

tion and the notation {x:P(x)}. Use the symbol U where
appropriate.

4.

45.
46.

47.

The set of points with a distance from 2 that does not
exceed 4

The set of numbers that are equidistant from 3 and —9
The set of numbers with a square that lies strictly
between 2 and 10

The set of all numbers with a distance less than 2 from 3
and with a square that does not exceed 8

In Exercises 48—51, if the set is given with absolute value

signs, then write it without absolute value signs. If it is given
without absolute value signs, then write it using absolute
value signs.

48.
49.
50.
51.

{x:x+5<x+1|}
{s:]s—4|>2s +9|}
{t:2—3t<27 - 51}
{w:w/(w+1)<0}

52.

53.

54.

55.
56.

57.

58.

Suppose p(x) = x> + Bx + C has two real roots, r; and r,
with r; <r,. Write the set {x:p(x) =0} as an interval.
Show that equality holds in the Triangle Inequality when
both summands are nonpositive.

Use the Triangle Inequality to prove that

la| = |b| = |a + b]

for all a,b € R.

Prove that there is no smallest positive real number.

At first glance, it may appear that the number

y=09=0.999. .. is just a little smaller than 1. In fact,

y=1. Let x =1 —y. Explain why it is true that x <10™"

for every positive n. Deduce that 0=x<b for every

positive b. Explain why this implies that y = 1.

About 2400 years ago, the followers of Pythagoras dis-

covered that if x is a positive number such that x> =2,

then x is irrational. Complete the following outline to

obtain a proof of this fact.

a. Suppose that x = a/b where a and b are integers with
no common factors.

b. Conclude that 2 = x* = a*/b>.

c. Conclude that 2b* = a”.

d. Conclude that 2 divides a evenly, with no remainder.
Therefore a =2« for some integer «.

e. Conclude that b*> =22

f. Conclude that 2 divides b evenly, with no remainder.

g. Notice that parts d and f contradict part a.

Explain the error in the following reasoning: Let x =

(r+3)2. Then 2x=n+3, and 2x(x—3)=n>—9. It

follows that x>+ 2mx —6x=x>+72—9, and x> —6x +

9=x>—2mx+x% Each side is a perfect square:

(x —3)*>=(x—7)* Therefore x —3=x—n,and 3=r.

Calculator/Computer Exercises

In Exercises 5962, determine the interval that y must lie

in to agree with x to ¢ decimal places.

59.
60.
61.
62.

63.

64.

65.

x=0.449,g=3
x=24,qg=2
x=0999%x1073 ¢g=3
x=0213462%x107%, ¢=5

Write a number with four significant digits that agrees
with x = 3.996 to two decimal places but that differs from
x in each digit.

Let x = 0.4449. Round this number directly to three, to two,
and to one significant digit(s). Now successively round x to
three, to two, and to one significant digit(s). The mathe-
matical phrasing of this phenomenon is that rounding is not
transitive. Describe this idea in your own words.

o = 1728148040 — 140634693151
and
8= 1728148040 + 140634693+/151.
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A direct computation (with integers) shows that o~ 5= 1. Exercises 67—70, present two tables, one for x >0 and one for
Calculate decimal representations of « and 5. Use them x<0, to support this assertion. For example, for p(x)=
to compute the product « - 5. Note: To twenty significant 3x* +100x°—1000, the table below supports the assertion that

digits, 140634693+/151 equals
1728148039.9999999997.

Calculators that do not record enough significant digits x Relative Error
will give 0 for the value of .

66. Find two numbers 0.a;a,aza4as and 0.b;b,b3bsbs with
ay = by that agree when rounded to four significant digits
but that do not agree when rounded directly to one sig- 10° 3.3322x10°*

nificant digit.

The term a,,x" is said to be the leading term of the polynomial 108 3.3333 X 10~

the relative error |p(x)—3x*|/|p(x)| tends to zero as x tends to
positive infinity.

10° | 3.2258 x 1072
10* | 3.3223x10°°

10° | 3.3332x107°

ax" + a1 x4+ agx +a,

where a,#0. The other terms are referred to as lower-order
terms. In calculus, for large values of |x|, neglecting all the lower-
order terms of a polynomial introduces only a small relative
error; this relative error tends to zero as |x| tends to infinity. In

1.2

Quadrant IT Quadrant I

Quadrant III | Quadrant IV

Figure 1 The xy-plane

67. x + 10"

68. x>+ 12345x
69. —3x*+10°%°
70. |x|° +1000x*

Planar Coordinates and Graphing in the Plane

A set such as {a, b} does not have an implied ordering of its elements. We do not,
for example, interpret a as the first element of {a,b} and b as the second. When an
ordering of a and b is required, we use the ordered pair notation (a, b). We say that
a is the first coordinate and b the second coordinate of the ordered pair (a,b).
Although {a,b} and {b,a} are exactly the same set, (a,b) and (b, a) are different
ordered pairs (if a#b). The set of all ordered pairs of real numbers is called the
Cartesian plane and is denoted by R%:

R*={(a,b) : a,b € R}.

Just as we can describe a point on a line with a real number, so too can we
describe a point in a plane with an ordered pair of real numbers. Begin with
intersecting horizontal and vertical lines. Put scales of real numbers on each line so
that the zero of each scale is at the point of intersection. The point of intersection of
the two lines is called the origin and is represented by the symbol 0. The vertical
and horizontal lines are called axes. It is convenient to name each axis by using a
variable. Commonly, the horizontal axis is named the x-axis and the vertical axis is
named the y-axis. The Cartesian plane is then called the xy-plane. The two axes
divide the plane into four regions that are known as quadrants, which are ordered
as in Figure 1.

Each point P is determined by its displacement from the axes. Here the word
“displacement” is interpreted in the signed sense: Positive displacement is to the
right or upward, and negative displacement is to the left or downward. The dis-
placement a of the point P from the y-axis is said to be the x-coordinate, or abscissa,
of P. The displacement b of the point P from the x-axis is said to be the
y-coordinate, or ordinate, of P. We represent the point P by the ordered pair (a, b),
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as shown in Figure 2. The signs of the x- and y-coordinates in each of the four
quadrants are also illustrated in Figure 2. Figure 3 exhibits several points and their
coordinates.

It is easy to plot single points in the xy-plane. Often our job, however, is to plot
a set of points with coordinates that satisfy some given equation in the variables x
and y. This set is often referred to as the locus of the equation, or the curve defined
by the equation. The equation is called the Cartesian equation of the locus of
points. For example, the graph of the Cartesian equation x = 3 is the vertical line
consisting of every point (3,y). Here y may be any real number because the
Cartesian equation x = 3 imposes no restrictions on y. The plot of x = 3 is shown in
Figure 4. In a similar way, we see that the graph of y = —2 is the horizontal line that
consists of every point (x, —2). This line is also shown in Figure 4. In the next
example we consider a Cartesian equation that involves both x and y.

> EXAMPLE 1 Sketch or graph all points (x,y) in the plane that satisfy the
equation y = 2x.

Solution For now, we perform this task by plotting some points and connecting
them. Notice that the points (0,0), (=5, —10), (3,6), (=2, —4), and (9/2,9) all satisfy
the equation y = 2x. Plotting these points suggests that the collection of all points
satisfying y = 2x is a straight line (see Figure 5). <«

When we plot a few points and connect them with a smooth curve, we are
assuming that the curve is well behaved between the points we have actually plotted.
Later, we will learn how calculus provides ways to know when this assumption is justified.

We can learn more from Cartesian coordinates if we use some geometric insight.
First we review the distance formula. Let PP, denote the line segment between
points P; = (ay, b1) and P, = (ay, b) in the plane. The shortest distance between P,
and P, is the length of line segment P;P,, which we denote by |P;P,|. We can
calculate this distance by realizing line segment P; P, as the hypotenuse of a right
triangle (see Figure 6). By the Pythagorean Theorem, the length d of the hypo-
tenuse is given by
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dz = |a2 —d1|2 + |b2 - b]|27

or

PiPs] = /(a2 — ar)* + (b2 — by)2.

Because the quantities under the square root sign are squared, we may omit the
absolute value signs.

» EXAMPLE 2 Calculate the distance between (2,6) and (—4,8).

Solution The requested distance is

A=/~ C4)+(6-87 = /6 + 27 = VA0 =2V10. <

» EXAMPLE 3 Graph the set of points satisfying (x —4)* + (y —2)*=9.

Solution We rewrite the equation as

V=22 +(y-27=3.

According to this equation, 3 is the distance between the point (4,2) and any point
(x,y) that satisfies the equation. The collection of such points is a circle of radius 3
and center (4,2). The locus is exhibited in Figure 7. <«

Example 3 illustrates a general principle: An equation of the form
(x—h)?>+(y—k?=r (1.2.1)

with > 0 has a graph that is a circle of radius r and center (4, k). Conversely, every
circle is described by an equation of this form. We call this equation the standard
form for a circle. The circle centered at the origin with radius 1 is called the unit
circle. It is the locus of the equation

x2+y2=1.

» EXAMPLE 4 Write the equation of the circle with center (8, —3/5) and
radius 6.

2
Solution We apply formula (1.2.1) to obtain (x —8)* + (y—(—3/5)) =6%, or
(x —8)* + (y +3/5)* =36. «

To work efficiently with expressions of the form Ax*+ Bx + C, we must use an
algebraic procedure known as the method of completing the square. It is a good idea
to review this procedure because it will be needed from time to time. (Although
you should not memorize the following formulas, you should certainly remember
the steps.)
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Completing the Square

Step 1: Starting from Ax* + Bx + C, group together the terms that involve x, and from this group factor out the
coefficient A of x*:

Ax2+Bx+C=A<x2+ ﬁx) +C.

Step 2: To the group of terms that involve x, add the square of half the coefficient of x. From the constant term
subtract an equal amount. In doing so, do not forget to account for the coefficient A:

2 2
2+ Bx+C= 2B (B +c-a( L)
Ax*+Bx+C=Alx Ax A C—A A
Step 3: Identify the square:

B : B :
2 = — —_—
Ax-+Bx+C A<x+2 ) +C A<2 )

2
3 B 4AC — B?
_A<x+2A> A

» EXAMPLE 5 Apply the method of completing the square to 3x* + 18x + 16
and to 5 — 4x — 4x”.

Solution We have

3x% + 18x + 16 = 3(x? + 6x) + 16 (Step 1)
2 2
=3<x2+6x+<g> >+16—3-<g) (Step 2)
6\2
=3<x+ E) —11 (Step 3)
and
5—4x—4x’= —4(x>+x)+5 (Step 1)
2 2
= —4(x2+x+ (%) )+5+4<%) (Step 2)
1\?
= —4(x+ 5) + 6. (Step 3) <«

> EXAMPLE 6 Suppose that A#0. Use the method of completing the
square to show that the roots of the quadratic equation Ax*+ Bx + C =0 satisfy
the Quadratic Formula

_ —B-VB —4AC _ —B+VB?—4AC
X = A or x= A .

Solution From Step 3, we see that a root x of Ax*> + Bx + C = 0 satisfies
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2 )
A(x+£> LB

2A 4A
or 5
o+ B\ _ B> —4AC
2A 4A2
or
4 B |_ VB —4AC
2A 2|A] '
It follows that
x+£:_\/32—4AC or x+£:\/B2—4AC
2A 2A 2A 2A ’

from which the Quadratic Formula results. <«

» EXAMPLE 7 The locus of the equation 2x*+2y*+8x—4y +6=0 is a
circle. Convert this equation to the standard form for a circle, and determine the
center and radius.

Solution We complete the square as follows:
2<x2+§x>+2<y2+_74y>+6=0. (Step 1)
We may divide by 2 to obtain

(x? + 4x) + (y* —2y) + 3 =0.

Next we have

o () (e G- () () -

Thus our equation becomes
(x+2)2+(y—17*+3-4-1=0
or
(x+27%+(y—-1)7=2
Finally, we write this as
(e= (-2))" + (=1 = (V27"

Therefore our equation describes the circle with center (—2,1) and radius v2. <

It is wrong to suppose that every quadratic equation that we encounter
can be put in the form of a circle. Notice that, for the method in Example 7 to work, it is
necessary that both x> and y® appear and that both of these terms have the same coef-
ficient. Also, no xy term ever appears in the equation of a circle.
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Parabolas, Ellipses,
and Hyperbolas

Figure 8 L is an axis of
symmetry for C.

@=m, (y=k’_
a - b? !

Figure 9

C ) et S
a? »

Figure 10

Parabolas, ellipses, and hyperbolas are curves that, like circles, can be realized by
intersecting a cone with a plane (in three-dimensional space). Such curves are
known as conic sections. We will study the geometric properties of these curves in
greater detail later. For now, it is important simply to recognize the Cartesian
equations of these curves when they arise. When discussing a conic section, we
often refer to an axis of symmetry. For example, we say that a line L is an axis of
symmetry for a curve C if the reflection of C through L is the same set of points as C
itself (see Figure 8).

Let a and b be positive numbers. An ellipse with vertical and
horizontal axes of symmetry (see Figure 9) is the locus of an equation of the
form

2 2
(=h? =k’ _,
a? b?

A hyperbola with vertical and horizontal axes of symmetry (see Figures 10 and
11) is the locus of an equation of the form

(x—h? _ (y—k?’_

a? b? 1

or

Notice that the Cartesian equations of ellipses and hyperbolas, like those of
circles, involve the squares of both variables x and y. The Cartesian equation of an
ellipse with vertical and horizontal axes is similar to that of a circle, except that the
coefficients of (x —h)> and (y —k)* are unequal. Likewise, the equation of a
hyperbola is similar except that the coefficients of (x — #)* and (y — k)* have dif-
ferent signs. The method of completing the square may be used to obtain the
standard form of an ellipse or a hyperbola if its Cartesian equation is presented in a
different way.

> EXAMPLE 8 The graph of 4x*+ 8x —9y*=21 is a hyperbola. Find the
standard form for its Cartesian equation, and use it to determine the axes of
symmetry of the hyperbola.

Solution Applying the method of completing the square, we have
4x% 4 8x — 9y? = 4(x* + 2x) — 9y?
=4(x*+2x+1)—9?—4-1
=4(x+1)* = 92 — 4.
Thus the equation 4x* + 8x — 9y =21 is equivalent to 4(x + 1)* — 9y* — 4 =21, or

4(x +1)>—9y*> =25, or 4(x +1)%25—9y*25=1, or (x + 1)*/(25/4) — y*/(25/9) = 1.
The standard form is therefore
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y=Ax>+Bx + C

y=Ax>+Bx+C

A Figure 13b
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The axes of symmetry are x = —1 and y = 0 (see Figure 12). <«

DEFINITION Juy parabola (with a vertical axis of symmetry) is the locus of an
equation of the form y = Ax*> + Bx + C with A #0.

Notice that the equation of a parabola involves the square of only one variable.
To understand the locus of the equation y = Ax* + Bx + C, we must again use the
method of completing the square.

The vertical line x = —B/(2A) is an axis of symmetry of the
parabola y = Ax*> + Bx + C (A #0).

Proof. Lets= —B/(2A). If the horizontal line y = y, intersects the parabola at two
points Py = (x, o), and Py = (x1, yo) with xo <x;, then we can calculate xq and x; by
using the Quadratic Formula. The explicit formulas that we obtain for xy and x;
allow us to verify that

|xo —s| = |x1 — 5. (1.2.2)

The details of this calculation are outlined in Exercise 76. From equation (1.2.2) we
deduce that Py and P; are an equal distance from the vertical line x = s. It follows
that x = s is an axis of symmetry of the parabola. |

SZAEAT The intersection of the parabola with its axis of symmetry is
called the vertex of the parabola.

If A is positive, then the parabola y = Ax*> + Bx + C opens upward. In this case,
the minimum value of y is the ordinate of the vertex. It occurs when x = —B/(2A)
(see Figure 13a). If A is negative, then the parabola opens downward. In this case,
the maximum value of y is the ordinate of the vertex. It occurs when x = —B/(2A)
(see Figure 13b).

> EXAMPLE 9 What are the axis of symmetry and vertex of the parabola C
that is the graph of the equation y = 3x* + 18x + 16?
Solution From Example 5, we have
y=3x>+18x + 16
6\2
= —+ = —
3 (x 5 > 11
2
=3(x—(-3))" —11.

We conclude that x = —3 is the axis of symmetry of C. If we set x = —3 in the
equation that defines C, then we find y = —11. It follows that the point (=3, —11) is
the vertex of C. The graph of C is given in Figure 14. «
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It is sometimes useful to graph regions in the plane. These regions are usually
described by inequalities rather than equalities.

» EXAMPLE 10 Sketch S={(x,y):y>2x}.

Solution We first use a dotted line to sketch T={(x,y):y=2x} to mark the
boundary of our region. The set T divides the plane into two regions:
S={(x,y): y<2x} and S={(x,y):y>2x}. We pick an arbitrary test point (1,5)
from the upper region. Because (1,5) is in S and in the upper region in Figure 14,
the upper region must be S. <«

In Figure 15, we use a dotted line for the boundary of region S. Doing so
shows that the boundary is not included in the region. When the boundary is included,
we use a solid line. The region {(x,y):y =2x}, for example, includes its boundary (see
Figure 16).

> EXAMPLE 11 Sketch G={(x,y):|y|>2 and |x| =5}.

Solution The sets {(x,y):|y| >2} and {(x,y): |x| =5} are illustrated in Figures 17a
and 17b. The set G consists of the points common to these two sets (see Figure 17c). <«

10+

_10_-
Figure 17b {(x,y):IxI=5}

Figure 17c Iyl >2



Figure 18 The rectangle
[a,b] X [c,d] ={(x,y):a=x=b
and c=y=d}.

EXERCISES
Problems for Practice

1. Plot the points (2, —4), (7,3), (v/3,V6), (7 +3, 7 — 3),
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A rectangular region that includes its sides is said to be closed. A closed
rectangle with sides that are parallel to the coordinate axes has the form

{(x,y):a=x=b and c=y=d}

for some constants a, b, ¢, and d (see Figure 18). We use the notation [a, b] X [c,d]
for this rectangle.

Every time we create a plot (whether by hand, graphing calculator, or com-
puter software), we select a rectangle [a,b] X [c,d] and graph only those portions
of the curve that lie within it. The rectangle we choose is called the viewing
window or the viewing rectangle. Sometimes, as in the case of circles and ellipses,
we can find a viewing window that captures the entire curve. For curves such as
parabolas and hyperbolas, however, the viewing window we choose will show only
part of the curve (because such a curve is unbounded). Finding appropriate viewing
windows for complicated equations can be tricky. Chapter 4 discusses how to use
the ideas of calculus to help in this task.

1. What is the distance between the points (1, —2) and (-1, —3)?

2. Write the equation of a circle passing through the origin and with center 3 units
above the origin.

3. Use the method of completing the square to express x> — 12x as the difference of
squares.

4. Match the descriptions point, circle, parabola, hyperbola, and ellipse to the
Cartesian equations 2x* — 2x — 4y* — 3y =25/2, 2x* — 2x + 4y* + 3y — 1/2 =0,
3x2 —3x+3y* +4y +2=0, 3x> — 3x + 3y* + 4y +25/12=0, and x> + 4x + y = 3.

5. What is the Cartesian equation of the parabola that opens downward and has its
vertex at (—2,—5)?

Answers

1. V5 2. x*+(y—3)*=3* 3. (x—6)>—6> 4. hyperbola, ellipse, circle,
point, parabola 5. y=—5— (x +2)?

In each of Exercises 6—15, the Cartesian equation of a
circle is given. Sketch the circle and specify its center and

(2, \/7), (—8/3,—2/7) on a set of coordinate axes. radius.
2. Graph the set of points that satisfies y +x =3. 6. (x+8)%+(y—1)7°=16
3. Graph the set of points that satisfies y —x =2. 7. (x—1)*+(y—3)*=9
4. Which of the points (2,1), (3,0), (4, —1), or (1/2,9/2) 8. X+ (y+7)7=1
is farthest from the origin? Which is nearest to the 9. X+ (y+57=2
origin? Which is farthest from (—5,6)? Which is nearest 10. (x—3)?+y*+y=1
to (10,7)? 1L ¥ +y*—y=0
5. Let A=(2,3), B=(—4,7), and C = (=5, —6). Calculate 12. > +y*—6x+8 —11=0

the distance of each of these points to each of the others. 13. 332 — 6y + 12x +3y* =2
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4. — x> —6y=y>+x+7
15. 4x* +4y* + 8y — 16x=0

In each of Exercises 16—20, a circle is described in words.
Give its Cartesian equation.

16. The circle with center at the origin and radius 2
17. The circle with center (—3,5) and radius 6

18. The circle with center (3,0) and diameter 8

19. The circle with radius 5 and center (—4,7)

20. The circle with center (0, —1/4) and radius 1/4

In each of Exercises 21-26, the Cartesian equation of a
parabola is given. Determine its vertex and axis of
symmetry.

2l y=x*-3
22. y=23-x)*+4
23, y=2x—x*

24, y=3x—6x+1
25. 2% +12x +2y +9=0
26. x> —x—3y=1

The center of an ellipse or hyperbola is the point of
intersection of its axes of symmetry. In each of Exercises
2734, state whether the graph of the given Cartesian equa-
tion is an ellipse or hyperbola. Determine its standard form
and center.

27. 4% +y* =1

28. —(x +5)*+y*=9

29, x* +x +9y* =15/4

30. 9x* —y* —y =112

3L P+ 2x+ 4% +24y =12
32. x>~ 10x —y*—8y=0
33. 2x% — 3y* + 6y =103
34. 4 +x+y> +6y=6

In each of Exercises 3545, sketch the given region.

35, {(x,y):|x| <3}

36. {(x,y):x*<y}

37. {(x,y): x| <7, |y +4]>1}

38. {(x,y):|x| =5, |y| >2}

39. {(x,y):x2+y2>l6}

40. {(x,y):x<2y,x=y—3}

41 {(x,y):(x—2)* +y* =4}

42, {(x,y):x+5y=4,x=2, y=-8}
43. {(x,y):|x —y|<1,x=4}

44. {(x,y):x2+y2:4,y>0,x>1}
45. {(x,y):x2+y2<9,x<0,y> -1}

Further Theory and Practice

46. Find a point that is equidistant from the two points (2, 3)
and (8,10).

47. Find a point that is equidistant from the three points
(3,4), (6,3), and (=1, —4).

48. Show that there can be no point equidistant from (1,2),
(3,4), (8,15), and (6, —3).

49. Describe {all points} that are equidistant from (1,0),
(0,1), and (0, —1).

Which of the equations in Exercises 50—53 are circles?
Which are not? Give precise reasons for your answers.

50. 5x> —5y* +x+2y=5

51. 5x2 +5y*=2x -3y +6
52. > —y*+tox=—2"—7
53. X +2y° +x — Sy =7+ 3x*

In each of Exercises 54—57, determine a value of k for
which the graph of the given Cartesian equation is a point.

54. X +y*—16x+ k=0
55. 2 +18x +2y* + k=0
56. x> —6x+y*+2y+k=1
57. k—x*—x—y*+y=1

58. For what values of k is the graph of x> — 8x + y* +2y =k
empty?

59. An open vertical strip is a region of the form {(x,y):
a<x<b} where a<b. What values of a and b produce
the widest open vertical strip that contains no point of the
hyperbola x* + 6x — 4y* =7?

In Exercises 60—69, sketch the set.

60. {(x.y): x| <1, v <1}
61. {(e.y): [ | <1}

62. {(x,y):|x|<1or |y|<1}

63. {(x,y):|x +y|=1}

64. {(x,y):0<x=y<2x=1}

65. {(x,y):3x—-1<0=y+2x+5}
66. {(x,y):x*<y*}

67. {(x,y):x<y*<x?}

68. {(x,y):x<y</x}

69. {(x,y):y>2x,x—3y=06}

70. Find the centers of the two circles of radius v/65 that pass
through the points (0, —6) and (3, —5).

71. From Example 1, we know that the graph of y=2x is a
line. This line intersects each planar circle in zero, one, or
two points. Give an algebraic reason that explains this
geometric fact.

72. Find the equation of the circle that passes through the
points (—3,4), (1,6), and (9,0).

73. Find the equation of the circle that passes through the
points (2,4),(4,0), and (=5, —3).

74. Suppose that a#£0. The equation x =ay*+ 8y +~ is a
parabola with horizontal axis of symmetry. What is the
Cartesian equation of the axis of symmetry? What are the
coordinates of the vertex?

75. Plot the locus of points P with an ordinate that is equal to
the distance of the point P to the point (0,1).



76. Suppose that A#0. Let s = —£;. Let P be the parabola

Calculator/Computer Exercises

whose equation is y = Ax*+ Bx + C. Suppose that the
horizontal line y = y, intersects P at two points Py = (X, yo)
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77. y=x*—22x,y=23—11x—1.7%°
78. X2 —V3x+ V32 —y=1/m, x> = V2x =2y — 7y =0

and P; = (x1, yo) with xo < x;. Show that

where

In Exercises 77 and 78, plot the given pair of conic sec-
tions. Zoom in to approximate the points of intersection to

5

three decimal places.

beo —s| = |y =lx1 =]

2A

1.3

In Exercises 79 and 80, plot the given region.

79. {(x,y):1=13x*+ 1.7x + y* — 09y and x* + 0.5x + 2.1y* < 1}
80. {(x,y):1=x*—-2x—+/3y>+2v3yandy =5+ 3x —x*}
81. Plot the parabola with Cartesian equation y =2 + x + x*

in the viewing window [0,2] X [0,8]. Add the plots of

L/ B2 —4A(C — yj). y=2x and y = 4x to the window. Intuition suggests that

there is a value of m between 2 and 4 such that the graph
of y =mx has exactly one point of intersection with the
parabola. Use a graphical method to approximate m to
one decimal place. (In Chapter 3, calculus will enable you
to determine m exactly.)

Lines and Their Slopes

As we will see in Chapter 3, calculus answers the geometric question, What is
the line that is tangent to a smooth curve at a given point? In this section, we
review the Cartesian equations that describe lines in the plane. A good under-

standing of these equations will be an important resource in the applications
ahead.

When a highway sign reads “Caution: 6% Grade,” it tells us that, for every mile of
horizontal motion, the road drops 0.06 mile. This information is important for
truckers who are carrying heavy loads. In mathematical language, the road has
slope —0.06. Now look at the line in Figure 1. We want to compute its slope, or the
ratio of vertical motion to horizontal motion (rise over run). To do this, we choose
two points on the line. The rise is the difference of y-coordinates, or y,—y;. The run
is the difference of x-coordinates, or x, — x;. The slope is the ratio of these two

We subtract the x-coordinates in the same order as the y-coordinates:
x,—x; and y,—y;. However, we can reverse the order in both the numerator and
the denominator because doing so introduces two minus signs that cancel each other.

If we compute the slope of the line in Figure 1 using two other points (X1, y;)
and (%, y,), do we obtain the same slope? The two triangles AABC and AABC are
similar (see Figure 2), so the ratios of the corresponding sides are the same. In
other words, rise over run is the same, and we do obtain the same slope if we

Slopes
quantities:
y
(x2,2)
Y2 =N
(1, y1)
/ X~ X
A
X
Figure 1
Slope:@—&—yz_yl. . .
run - Ax  xp—x; compute using two other points.
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Figure 2 AABC and
AABC are similar.

-4 -2
Figure 3

Figure 4

(3.,6)

» EXAMPLE 1 Find the slope of the line in Figure 3.
Solution 1f we use the two points (3,1) and (—3,4), then

Had we used another pair of points, such as (5,0) and (—1,3), we would have
obtained the same slope:

Even if we had used these points in reverse order, that is, (—1,3) and (5,0), we
would have obtained the same slope:

A positive slope indicates that the line rises relative to left-to-right motion. A
negative slope, as in Example 1, indicates that the line falls relative to left-to-right
motion. The equation of a horizontal line is of the form y = b for some constant
b; the slope of such a line is zero because Ay = 0. A vertical line has an equation of
the form x = a for some constant a; the slope of such a line is undefined because
Ax =0 and division by 0 is not defined.

Slopes of Perpendicular Lines

How are the slopes of two perpendicular lines related? Look at the perpendicular
lines ¢ and ¢, shown in Figure 4. Neither line is vertical or horizontal, so they both
have nonzero slope. From point C to point A, the run on line ¢’ is equal to |BC|, and
the rise is the negative of |BA|. Thus —slope ¢ =|BA|/ |BC |. Similarly, we see that
slope ¢=|BA|/|BD|. Notice that a + o’ =90° and 3’ + o’ = 90°. Subtracting these
two equations gives a = (3’. The same reasoning also shows that 3 = a’. Therefore
AABC and ADBA are similar. Thus

BA| _IBDI _ ___1__
|BC|  [BA|  (|BA|/|BDI)
or
—slope ¢ = . (1.3.1)
slope ¢ -

It is also true that if the slopes of two lines ¢ and ¢ satisfy equation (1.3.1), then /
and ¢ are mutually perpendicular. In conclusion:

Two lines, neither of which is horizontal or vertical, are mutually
perpendicular if and only if their slopes are negative reciprocals.

> EXAMPLE 2 Find the slope of any line perpendicular to the line shown in
Figure 5.

Solution We start by finding the slope of the line in the figure: (6 —2)/(3 — (—4)) =
4/7. The slope of any perpendicular line is the negative reciprocal of this number,
or —7/4. «
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Equations of Lines

Figure 7a Line /¢ is
determined by P; and P,.

P,

Ax

Figure 7b Line ¢ is
determined by P; and
m = Ay/Ax.
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Slopes of Parallel Lines

If lines ¢ and /' are parallel, then the two right triangles shown in Figure 6 are
congruent. It follows that slope ¢ = slope ¢'. The converse is also easily deduced:

Two lines are parallel if and only if they have the same slope.

» EXAMPLE 3 Verify that the line through (3, —7) and (4, 6) is parallel to
the line through (2,5) and (4,31).

Solution We compute that the slope of the first line is (6 — (—7))/(4 —3) =13, and
the slope of the second line is (31 —5)/(4 —2) = 13. Because the slopes are equal,
the lines are parallel. <«

We need to understand how to write the equations that represent lines. We also
want to recognize when a given equation represents a line. There are many geo-
metrical ways to describe a line. For instance, a line is determined by two points
through which it passes (see Figure 7a). A line is also determined by a point and a
slope (see Figure 7b). No matter how the information for a line ¢ is presented, the
basic rule for obtaining the Cartesian equation of ¢ is: Express the slope of the line
in two different ways and equate.

The Point-Slope Form of a Line

Suppose line ¢ has given slope m and passes through a given point (xg, yo). Let (x,y)
be a variable point on line /. One expression for the slope of ¢ is

Slope = 220,
ope =" X
The slope is also given to be m:
Slope = m.

Equating these two expressions for slope gives

YTV _
X — Xo

or y — yo = m(x — xo). By isolating y, we obtain the point-slope form for the line that
has slope m and passes through point (xg, yo):

y=m(x—xo) +yo (1.3.2)

> EXAMPLE 4 Find the equation of the line ¢ passing through the point
(2, —4) and having slope 3.
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Solution Let (x,y) be a variable point on the line. We can compute the slope using
(2,—4) and (x,y):

y—(=4) _y+4
x—2 x—2

Slope =

We also know that the slope is 3. Equating the two expressions for slope, we
find that
yt4 _
x—2

3,
ory+4=3(x—2),ory=3(x—2)—4. «

Once equation (1.3.2) has been mastered, there is no need to repeat the
steps of Example 4 each time. Substituting the given data into equation (1.3.2) yields
the answer immediately. Thus we obtain the solution to Example 4 by substituting m = 3,
Xo =2, and yo = —4 into equation (1.3.2). Because equation (1.3.2) is used so frequently in
Chapter 3, it is a good idea to commit it to memory.

The Two-Point Form of a Line

Suppose line ¢ passes through the two points (xo,yo) and (x1,y;). Let (x,y) be a
variable point on line /. One expression for slope is

We may also use the two given points to calculate slope:

S1 :M_)’o.
ope =t e

Equating these two expressions for slope gives

Y~ Yo _Yyi—Yo

xX—xy X1—Xo

or

y—Yo= <;y0>(x—xo)-

X1 — Xo

By isolating y, we obtain the two-point form for the line that passes through the
points (xo,yo) and (x1,y1):

y:<%§%)g—me0 (1.3.3)

The two-point and point-slope forms of a line are quite similar. Both
have the form y = slope - (x — xp) + yo. The difference between them is that, in the
two-point form, the given data must be used to calculate the slope. By contrast, the slope
m appears explicitly as the coefficient of x — x; in the point-slope form.
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» EXAMPLE 5 Write the equation of the line passing through points (2,1)
and (—4,3).
Solution Using (x¢,y0) = (2,1) and (x1,y1) = (—4,3) in formula (1.3.3), we find that
the equation for the line is
3-1
= -2)+
= (2 )w-2+1

=-—=(x—-2)+1.

In a slightly different approach, we might have used the points (2,1) and
(—4,3) to compute the slope m and then substuituted into equation (1.3.2). Thus

and, by (1.3.2),
yz—%(x—Z) +1.

We may also use the other point, (—4,3), as (xo, o) in equation (1.3.3). If we do
so, then we obtain

y= -3 (-4) +3

This last equation does not look exactly like our first answer, but with a little
manipulation we see that it is equivalent:

y=—%(x—(—4))+3———%(x—2+6)+3
1 1 1

= —2(x—=2)—2.64+3= —=(x—2)+1.
3(x 2) 3 6+3 3(x 2)+1. «

The Slope-intercept Form of a Line

A point at which the graph of a Cartesian equation intersects a coordinate axis
often has special significance. We introduce some terms associated with such a
point.

The x-intercept of a line is the x-coordinate of the point where the
line intersects the x-axis (provided such a point exists). In general, we say that a
is an x-intercept of a curve if the point (a,0) is on the curve. In other words, a is
an x-intercept of a curve if the curve intersects the x-axis at (a,0). The
y-intercept of a line is the y-coordinate of the point where the line intersects
the y-axis (provided such a point exists). In general, we say that b is a y intercept
of a curve if the point (0, b) is on the curve. In other words, b is a y-intercept of a
curve if the curve intersects the y-axis at (0, b).

The line with slope m and y-intercept b has equation
y=mx+b, (1.3.4)
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D,/BN

D,/BY
Ax + By =D,

Ax + By = D,

Figure 8

as we see by setting xo =0 and yo=b in equation (1.3.2). Equation (1.3.4) is the
slope-intercept form of the line.

Every nonvertical line has both a slope m and a unique y-intercept b.
Therefore every nonvertical line has a slope-intercept form. By contrast, the slope of a
vertical line is not defined. Therefore a vertical line does not have a slope-intercept form.

> EXAMPLE 6 What is the y-intercept of the line that passes through the
points (—1, —4) and (4,6)?

Solution The slope is (6 — (—4))/(4 — (—1)), or 2. Therefore a point-slope form of
the line is y = 2(x—4) + 6. Expanding the right side yields the slope-intercept form:
y=2x—8+6, or y=2x+(—2). The y-intercept is —2. <«

The General Equation of a Line

If a line is not vertical, then it has a slope-intercept equation y = mx + b. We may
rewrite this equation in the form —mx+y=>b, or Ax + By =D where A =—m,
B =1,and D = b. The vertical line x = a may also be written in the form Ax + By = D
by setting A =1, B=0, and D = a. Thus every line can be described by a Cartesian
equation of the form

Ax+By=D (1.3.5)

where A and B are not both zero. Conversely, if A and B are not both zero, then
equation (1.3.5) describes a line. We say that equation (1.3.5) is the general equation
of a line (or the general linear equation).

> EXAMPLE 7 What is the slope of the line 4x —2y =77
Solution We rewrite the general linear equation in slope-intercept form:

—2y=—4x+7, or
y=2x—z.
2

This equation tells us that the line has slope 2. As additional information, we
see that the y-intercept is —7/2. <«

> EXAMPLE 8 Suppose that A and B are not both zero. Let D, and D, be
any two constants. Show that the lines defined by Ax + By = D; and Ax + By = D,
are parallel.

Solution If B =0, then both lines are vertical, hence parallel. Otherwise, the given
equations may be rewritten as
A D] A D2
=-Zx+ =L = —Zx+ =2,
y 35T 3 and y 3T 3
From these equations, which are in slope-intercept form, we can see that the two
lines have common slope —A/B. They are therefore parallel (see Figure 8). <«
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The Intercept Form of a Line

Notice that if a and b are nonzero, then the equation

X,y
P (1.3.6)
is a particular form of the general equation of a line. Therefore the graph of
equation (1.3.6) is a line. Furthermore, the two points (a,0) and (0,b) satisfy
equation (1.3.6). It follows that equation (1.3.6) describes the line ¢ with nonzero x-
and y-intercepts a and b, respectively. It is the intercept form of ¢ (see Figure 9).

> EXAMPLE 9 Find the intercept equation of the line with x-intercept 3 and
y-intercept —5. State the slope-intercept form as well.

Solution By (1.3.6), the intercept equation is

Xy _
S+ = =1
3 =5
This equation is equivalent to
y _ X
“=-=+1
=5 307
or
y= gx -3,

which is the slope-intercept form (see Figure 10). <«

> EXAMPLE 10 What is the intercept form of the line defined by the
equation 2x—3y + 6 =0?

Solution First, we rewrite the equation as 2x — 3y = —6. Dividing both sides of the
equation by —6 yields the intercept form equation:

X
3 + 5= 1. «

From this equation, we see at a glance that the line intersects the x-axis at (—3,0)

and the y-axis at (0,2). An alternative method is to substitute y =0 into the given

equation to obtain the x-intercept a = —3. Substituting x =0 into the given equa-

tion leads to the y-intercept b =2. We obtain the intercept form of the equation,

namely x/(—3) + y/2 =1, by substituting these values into equation (1.3.6).

Normal Equation of a Line

Suppose that A and B are not both zero. By Example 8, the lines described by
Ax + By = D for different values of D are parallel. It may be shown (Exercise 65)
that the line ¢ described by

—Bx+Ay=E (1.3.7)

is, for any constant E, perpendicular (or normal) to the line ¢ defined by
Ax + By =D (see Figure 11).
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y=0G32)x+3

+2
Q x
|
2 2
T2
2x+3y+4=0
Figure 12

» EXAMPLE 11 Write the slope-intercept equation of the line ¢ that is
perpendicular to the line 2x + 3y +4 =0 and that passes through point P = (2,6).
At what point Q does ¢ intersect the given line?

Solution A line perpendicular to 2x +3y = —4 has the form —3x+2y=F for
some constant E. Because the point (2,6) is on ¢, we have —3(2) +2(6) = E, or
E = 6. Therefore the equation of ¢ can be written as —3x + 2y = 6. We isolate y to
obtain the slope-intercept equation: y = (3/2)x + 3.

To find the point of intersection of the two lines, we solve their Cartesian
equations simultaneously. By substituting y = (3/2)x + 3 into the equation of the
given line, we obtain 2x + 3 ((3/2)x +3) +4 =0, or 13x/2 +13 =0, or x = —2. If we
substitute this value of x into 2x + 3y = —4, then we obtain y = 0. Thus Q = (—2,0)
is the point of intersection (see Figure 12). <«

Table 1 displays total annual U.S. income and consumption in billions of dollars for
the years 2002—2008.

2002 2003 2004 2005 2006 2007 2008
Income (x) 35528 | 36654 | 38809 | 41079 | 43976 | 46653 | 48396

Consumption (y) | 7351 7704 8196 8694 9207 9710 | 10059

Table 1

Figure 13 shows a plot of the seven data points (x, y). (Economists refer to the data
of Table 1 as time-series data. Figure 13 is called a time-series graph.) It is apparent
that the plotted points lie close to a straight line. The question arises: What
equation y=mx + b should we use to describe the approximate relationship
between the observed values of x and y? This problem, finding a line that best fits
observed data, occurs in many fields. The procedure for a solution that is used most
often is called the method of least squares.

10000 - 2008

[ ]
9500 - 2007

[

[ ]
8500 2005

(billions of dollars)

LJ

Total personal consumption

2003
.2|002 T T T T T T -
36000 38000 40000 42000 44000 46000 48000
Total personal income (billions of dollars)

7500

Figure 13
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Suppose N + 1 data points (xg, yo),(X1, V1), - - -, (X, ¥n) lie in the vicinity of a
line £. Let d; =0 denote the vertical distance of the data point (x;,y;) to £ (as in
Figure 14). If (x;, y;) is not on the line, then d; may be regarded as an error. The sum
A3+ d3+d5+ - - -+ d% of these squared errors is an overall measure of how well £
approximates the observed data. The least squares line (or the regression line) is the
line for which the sum df + d3 + - - - + d% is minimized. In Chapter 13, we will learn
the Method of Least Squares in full generality. For now, we assume that the line we
seek passes through a specified point.

Given the N + 1 data points (xo, o), (X1, y1), - - - (Xn5 Yn), the least
squares line through (xq,yo) is given by y = m(x — xo) + yo where
= F1L=X0) - (1 = yo) + (%2 = X0) - (2 —y0) +- - -+ (v — Xo) - (¥v — yo)
(x1 — x0)% + (2 = x0)* + - - - + (v — Xp)?

(13.8)

Proof. For any real number m, the equation of line £ through point (xo,yo) with
slope m is y = m(x — x¢) + yo. The vertical distance of the observation (x;, y;) to L is

di = |yi = (m(x — x0) + yo)| = |(vi = yo) = m(x; — x0)|.

We therefore seek the value m for which the sum

S = ((vi=yo)—m(x1—x0))> +- - -+ (v —yo) —m(xy—x0))’

is minimized. By expanding each square and collecting like powers of m, we
find that

S=Am?*+Bm+C
where
A=(x —xo)2 + (xz—xo)2 +.- 4 (xN—xo)2
and
B= —2((x1 = x0)(y1 —yo) + (x2 = x0)(y2 = yo) + - - - + (xv — X0) (v — y0)).

We do not calculate C because its value is not needed. Because A is positive, we may
use Theorem 1 from Section 1.2 to conclude that the quantity S = Am? + Bm + C has
a minimum value when m = —B/2A. Formula (1.3.8) may now be obtained by
substituting the expressions for A and B into —B/2A and simplifying. |

Because d; measures the amount by which the approximating line misses
the ith observation, the expression d; + - - - + d,, represents the total absolute error. This
sum may seem to be a simpler measure of error than the sum of the squares of the errors,
but, by using d3 + - - - + d%, we can reduce the problem of minimizing the error to a
problem that we have already solved—finding the vertex of a parabola.

> EXAMPLE 12 Refer to Table 1 and Figure 13. Use the income-
consumption data for 2002—2008 to pass a least squares line through the point
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corresponding to 2002. In 1995, total personal income equaled $24609 billion. What
consumption does the regression line predict for that year? Given that consump-
tion in 1995 was $4976 billion, what is the relative error of the regression line
prediction?

Solution We set xo=35528 (income for 2002) and y,= 7351 (consumption for
2002). Let (x1,y1) = (36654,7704) represent the income and consumption for 2003.
Continue by letting (x,, y2) = (38809, 8196) represent the data for 2004, and so on.

Table 2 lists all computations needed for the slope of the required least squares
line.

i X; Yi | %=X | yi=yo | (i—x0)* | (xi—xo) (yi—yo)

1 | 36654 7704 1126 353 1267876 397478

2 | 38809 8196 3281 845 10764961 2772 445

3 | 41079 8694 5551 1343 30813601 7454993

4 | 43976 9207 8448 1856 71368704 15679488

5 | 46653 9710 | 11125 2359 123765625 26243875

6 | 48396 | 10059 | 12868 2708 | 165585424 34846544
Total 403566191 87394823

Table 2

If we set m = 87394823/403566191 ~ 0.21656, then the equation for the least squares
line is
y=0.21656(x — 35528) + 7351.

Figure 15 illustrates this regression line. The predicted value of y corresponding to
x = 24609 is

0.21656(24609 — 4986) + 7351 = 4986.
The relative error is (100 X |4976 — 4986|/4976)%, or about 0.2%. <

y
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Figure 15



QUICK QU I z

EXERCISES

Problems for Practice

1. Find the slopes of each line in Figure 17. 3
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%,.\ 800 ® ~ 50000
3 70 g g 40000
=2 2(5)8 < % 30000
S E 5 8

2 2 600 £ £ 20000
3° 20 2 10000

500 kv 1 1 1 1 1 1 1 1 1 | |
0.205 0.21 0.215 0.22 0.225 0.23 0.19 0.2 0.210.22 0.23 0.24 0.25
Slope of fitted line (1) Slope of fitted line (m)
Figure 16a Figure 16b

For each m, we can calculate the sum SAE of the absolute errors:
SAE=d,+d,+ - - -+ ds The graph of the points (m, SAE) appears in Figure 16a.
Observe that when we use the sum of the absolute errors, we obtain a jagged curve. By
contrast, the sum of the squared errors, SSE = d?+d3+ - - -+ d2, results in a smooth
graph, which is a parabola (as we learned in the proof of Theorem 3 and as is shown in
Figure 16b). In Chapter 4, we will learn how calculus provides a powerful tool for
locating the lowest point on the graph of any smooth curve.

1. What is the slope of the line through the points (—1,—2) and (3, 8)?

2. What is the slope of the line described by the Cartesian equation 3x +4y =77

3. What is the slope of the line that is perpendicular to the line described by the
Cartesian equation 5x — 2y =77

4. What are the intercepts of the line described by the equation 5x — y/2 =1?

5. What is the equation of the least squares line through the origin for the points
(1,2), (2,5), and (3,10)?

Answers
1. 52 2. =3/4 3. =2/5 4. x-intercept: 1/5, y-intercept: —2 5. y =3x

2. Sketch, on the same set of axes, lines passing through point
(1,3) and having slopes —3, =2, —1, 0, 1, 2, and 3.
. Sketch, on the same set of axes, lines having slope —3 and
passing through points (=2, —7), (—1,0), (3,0), and (5,1).
4. Sketch the line that passes through point (—2,5) and that
rises 7 units for every 2 units of left-to-right motion.

In Exercises 58, write the point—slope equation of the
line determined by the given data.

5. Slope 5, point (—3,7)
6. Slope —2, point (4.1,8.2)

Figure 17

7. Slope —1, point (—+/2,0)
8. Slope 0, point (—m,)

In Exercises 9—12, write the point-slope equation of the
line determined by the two given points.

9. (2,7), (6,—4)
10. (12,1), (=4, —4)
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11. (=7,-4), (9,0)
12. (1’ _5)7 (_Sa 1)
In Exercises 13—20 write the slope-intercept equation of
the line determined by the given data.

13.
14.
15.
16.
17.
18.

Slope —4, y-intercept 9
Slope m, y-intercept 7>
Slope V2, y-intercept —v/3
Slope 0, y-intercept 3
Slope 3, x-intercept —4
Slope —5, x-intercept 5

19. x-intercept —2, y-intercept 6
20. x-intercept —5, y-intercept —12

In Exercises 2124, write the slope-intercept equation of
the line that passes through the two given points.

21. (2,7), (3,10)
22, (1/2,1), (2,7)
23. (-1,3), 2,-9)
24. (2w, —7), (0,0)

In Exercises 25—28, write the intercept form of the equa-
tion of the line determined by the given data.

25. x-intercept —2, y-intercept 6
26. x-intercept 5, y-intercept 1/3
27. Slope 3, x-intercept —1
28. Slope —2, y-intercept 5

In Exercises 2932, write the slope-intercept equation of
the line that passes through the given point and that is parallel
to the given line.

29. (1,-2), y= —x/2

30. (3,4), x/3+y/2=1
31 (2,1),6x—3y—7=0
32. (4,0), x+2y—8=0

In Exercises 33—36, write the slope-intercept equation of
the line that passes through the given point and that is per-
pendicular to the given line.

33. (1,-2),4x +8y =5
34. (0,—-5),y=3x+5
35. (3,4), x3+y2 =1
36. (—3,0), x=1-06y

In Exercises 37—40, a general linear equation of a line is
given. Find the x-intercept, the y-intercept, and the slope of
the line.

37.3x +4y=2
38. x/2+2y=4
39. x—3y=3
40. 5x—2y =10

In Exercises 41-48, sketch the line whose Cartesian
equation is given.

41.
42.
43.
4.
45.
46.
47.
48.

49.

50.

51.

52.

x/2=1
3y=-17
y=3x+1) -2
y=(x—-2)2+4
y—2x=4
x/3+y/9=1
2x+3y=6
—x/2-2y=1

Is the line through points (1,2) and (4,7) parallel to the
line through points (—4,—3) and (—=7,6)? Is it perpen-
dicular to the line through points (7,9) and (5, —7)?

Is the line through points (—3,8) and (2,23) parallel to
the line through points (—4,6) and (3,28)? Is it perpen-
dicular to the line through points (—2,4) and (7,1)?
Write the equation of the line perpendicular to the line in
Figure 18 and passing through point (7, —8).

y
1 1 1 1 1 1 1 1 1 IX
1 T BEEEE RS
_4__
—8+ °
‘12__
Figure 18

What are the slopes of the lines in Figure 19?

Figure 19

Further Theory and Practice

53.

54.

Find a point (a,b) so that the line through (a,b) and
(5,—7) has slope 2.

Find a point (a, b) so that the line through (a, b) and (4,2)
is parallel to the line through (3,6) and (2,9).



55. Find a point (a,b) so that the line through (a,b) and
(—2,7) is perpendicular to the line through (—2,7) and
4,9).

56. Find a point (a, b) with distance 1 unit from (4, 6) so that
the line through (a,b) and (4,6) is perpendicular to the
line through (4,6) and (—8,4).

57. Find a point (a,b) with distance 1 unit from the origin
and a point (¢, d) with distance 5 units from the origin so
that the line through (a,b) and (c,d) has slope 2.

58. Find a point (a, b) on the line through (—2,7) and (9, —4)
so that the line through (a,b) and (2,1) has slope 8.

In Exercises 59—62, find the point at which the lines
determined by the two given equations intersect.

59. 2x+y=4,x+3y=7

60. 3x +5y=14,x—y=2

61. —2x+5y =38, 5x +2y=-8
62. y=3x+12,y=2x+1

63. Find the point on the line 3x — 8y =1 that is nearest to
point (0,9).

64. Where does the line x —7y = —15 intersect the circle
(x =32+ (y+1)2=25?

65. Suppose that A and B are constants that are not both zero
and that D and E are any two constants. Prove that the
lines Ax + By = D and —Bx + Ay = E are perpendicular.

66. Physical therapists recommend that ramps for people
who use wheelchairs rise not more than 1 in. for each foot
of forward motion. Formulate this recommendation in
terms of slope. If the entrance to a certain public building
is 30 ft from the sidewalk and the front door is 8 ft off the
ground (up a steep flight of stairs), how can a suitable
wheelchair ramp be built?

67. For what values of y, is the distance between the points
of intersection of y=y, with y=2x+1 and y=x+2
equal to 1,000,000?

68. Determine the regression line through Py = (xo, yo) that is
based on the observations Py = (xo — &, u) and P, = (xo +
h,v). How is the slope of the regression line related to
the slopes of the segments PPy and PyP,?

69. Suppose that X and Y are items (or goods) that can be
purchased at prices px and py, respectively. Suppose that
x represents the number of units of good X, and y
represents the number of units of good Y that a consumer
might purchase. The first quadrant of the xy-plane is
known as commodity space in economics. If the consumer
has a fixed amount C that he may allot to the purchase of
goods X and Y, then the locus of all points (x,y) that
represent purchasable combinations of these two goods is
known as the consumer’s budget line. (It is actually a line
segment.) Determine a Cartesian equation for the budget
line. What are its intercepts? What is its slope? If the
consumer’s circumstances change so that he has a dif-
ferent amount C’ that he can use toward the purchase of

70.

71.

72.

73.

C.
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goods X and Y, then what is the relationship of the new
budget line to the old one?

The graph of y = x? is said to be concave up. One way to
define this property is as follows: If P = (a,4°) and Q =
(b, b?) are any two points on the graph of y = x?, then the
line segment PQ lies above the graph of y = x>. What is
the equation of the line that passes through P and Q?
Algebraically verify that the midpoint of PQ lies above
the parabola.

The distance of a point P to a line ¢ is the distance of P to
QO where Q is the point on ¢ such that the line segment
PQ is perpendicular to ¢. By elementary geometry
|PO|<|PQ'| if Q' is any other point on /. Prove that if
Ax+ By + C=0 is a general linear equation for ¢ and
P = (x0,y0), then

\Axo + By, +C |
VB

is the distance from P to /.
A lattice point in the plane is a point with integer coor-
dinates. Suppose that P and Q are lattice points. What
relationship must the coordinates of P and Q satisfy for
the midpoint of the line segment PQ to be a lattice point?
Suppose that Py, ...,Ps are five distinct lattice points.
Show that at least one pair determines a line segment
whose midpoint is also a lattice point.
Let P=(s,t) be a point in the xy-plane. Let P’ = (t,s).
Calculate the slope of the line ¢ that passes through P
and P’. Deduce that ¢ is perpendicular to the line ¢
whose equation is y =x. Let O be the point of intersec-
tion of £ and #. Show that P and ¢ are equidistant from
Q. (As a result, each of P and P’ is the reflection of the
other through the line y = x.)

Calculator/Computer Exercises

In later chapters, we will use calculus to assign a meaning

to the “slope” of a planar curve at a point on it. Here we
explore this concept graphically. The idea is illustrated by
Figure 20. The plot shown appears to be a line segment, but it
is actually an arc of the parabola y =x? in a small viewing

1.999' 1.9994  1.9998 2 2.0002' 2.0006 2.001

Figure 20
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window centered at the point P = (2,4). In each of Exercises
74—179, plot the given curve in a viewing window containing
the given point P. Zoom in on the point P until the graph of
the curve appears to be a straight line segment. Compute the
slope of the line segment: It is an approximation to the slope
of the curve at P.

4. y=x* P=(2,4)

75. y=x% P=(1,1)

76. y =2x/(x*+1); P = (1/2,4/5)

77. y =2x/(x*+1); P=(0,0)

78. y =2x/(x* + 1); P=(1,1)

79. y=+x;P=(1,1)

80. The following table records several paired values of

automobile mileage (x) measured in thousands of miles
and hydrocarbon emissions per mile (y) measured in

82.

83.

Use this data to find the regression line that passes
through (38.6,154.3).

Let x denote the perimeter of a rectangle, and let y denote
the area. Calculate x and y for the five rectangles with
(width, height) = (7,42), (8,23), (11,13), (18,9), and
(26,8). Plot the five ordered pairs(x, y) that you have cal-
culated. The plotis nearly linear. Find the least squares line
through the origin. For a square of side length 2, the peri-
meter x is 8. What is the regression line approximation of
the area y? What is the relative error? What went wrong?
Graph the parabola y = \/x. Add the upper half of the
circle centered at P = (5/4,0) with radius 1 to your graph.
Notice that the parabola and the circle appear to be
tangent at the point of intersection Q. What is the
equation of the line through P and Q? What is the line ¢
through Q that is perpendicular to PQ? Add the plot of ¢
to your graph.

rams:
& 84. Graph y=1/(1+x%). Add the lower half of the circle
x | 5013 | 10124 | 15.060 | 24.809 | 44.862 centered at P = (9/4,3) with radius 5v/5/4 to your graph.
Notice that curve and the circle appear to be tangent at
0.270 0.277 0.282 0.310 0.345 the point of intersection Q. What is the equation of the

Plot these points. Determine the regression line through
(44.862,0.345). If this pattern continues for higher mile-
age cars, about how many grams of hydrocarbons per
mile would a car with 100,000 miles emit?

81. The femur is the single large bone that extends from the
hip socket to the kneecap. When skeletal remains are
incomplete, anthropologists and forensic scientists can
estimate height (y) from femur length (x). Plot the four
observations (measured in cm):

1.4

85.

line through P and Q? What is the line ¢ through Q that is
perpendicular to PQ? Add the plot of ¢ to your graph.

Let Py = (x0,y0) = (4,16), (x1,y1) = (1,2), and (x2,y2) =
(2,6). Obtain an expression for the sum of the squares of
the errors d? + d3 associated with a line through P, that
has slope m. With m measured along the horizontal axis
and d}+d} measured along the vertical axis, graph
di + d; in the viewing window [4.5,5] X [0,1.2]. Use your
plot to find the slope of the regression line £ through Py.
Now plot the sum of the absolute errors d; +d, in the
viewing window [3.5,6] X [0,7]. Use your plot to find

¥ 38.6 441 487 534 the value of m that minimizes d; + d,. Finallyr on the
same coordinate axes, plot the three data points, the
154.3 168.4 178.3 187.5 line through P, that minimizes d; + d5, and L.

Functions and Their Graphs

Suppose that S and T are sets (collections of objects). A function f on the set S with
values in the set 7 is a rule that assigns to each element of S a unique element of 7.
We write f: § — T and say “fmaps S into 7.” The set S is called the domain of f. We
will refer to the set T as the range of f. Notice that there are three distinct parts to a
function: a domain, a range, and a rule that assigns one, and only one, value in the
range to each value in the domain. For an element x in S, we write f(x) (read “f at
x”) for the element in 7 that is assigned to x by the function f. We say that x is the
argument of f(x). The image of fis the set { f(x):x € S} of all values in T that the
function f assumes.

It is useful to think of a function as an “input-output machine”: The value x is
the input, and the value f(x) is the output. The domain of the function is the set of
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input values, and the image is the set of output values. The range is a set that
contains every value in the image but may also contain some values that the function
does not actually assume. We can think of the range as the set of possible output
values of the function. For example, if a teacher who has 60 students in a class
enters exam grades in a column of a spreadsheet, then the grade recorded in the i
row is a function f of i. If the grades are integers between 0 and 100, then it is
convenient to take {0,1,2,3,...,100} to be the range of f and write f:{1,2,
3,...,60} - {0,1,2,3, ...,100}. The image of f consists of the grades that were
actually attained by students. Because there are no more than 60 such grades, the
chosen range is certainly larger than the image. Yet we easily indicated the range,
whereas we would have found it tiresome to write out all the values of the image.

The domains and ranges of the functions encountered in calculus are usually sets of
real numbers; in fact, these sets will often consist of one or more intervals in R. A
function with a domain that is a set of real numbers is a function of a real variable.
A function with a range that is a set of real numbers is a real-valued function. Often,
we use arrow notation, x — f(x) (the symbol—is read as “is mapped to”). If we
refer to a function f by giving a formula for f(x) without specifying the domain,
then the domain of fis understood to be the largest set of real values x for which
f(x) makes sense as a real number. If the range of a real-valued function f is not
explicitly specified, then we understand the range to be the entire real line R. The
theorems of calculus often enable us to determine the image of f.

> EXAMPLE 1 Let F(x) =9 —x2. What is the domain of F?
Solution For F(x) to make sense as a real number, the inequality
9-x*=0
must be satisfied. Therefore x><9, or —3=x=3. In summary, the domain of F is

the interval [—3,3]. <«

Example 1 illustrates one of the most common considerations in determining
the domain of a function: The argument of an even root such as ./ or 4 must be
nonnegative. The example that follows illustrates another situation that must often
be considered: The denominator of a fraction may not be zero.

> EXAMPLE 2 Let G(x) =x>+2x +4and H(x) = (x* — 8)/(x — 2). Show that
G(x) = H(x) for every x #2. Are G and H the same function?

Solution The identity
¥ —8=(x*+2x+4)(x —2) (1.4.1)

is true for every x, as we can verify by expanding the right side and combining
terms. However, because division by 0 is not defined, we can divide each side of
(1.4.1) by x — 2 only when x #2. Thus we have

_ X -8 _ (P +ux+4)(x—2)

= =x’+2x+4= f 2.
s =2 X X G(x) for x+#

H(x)

The domain Dg of G is the largest set of real numbers for which the expression
x? + 2x + 4 makes sense. Therefore Ds = R. The domain Dy of H is the largest set
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Piecewise-Defined
Functions

of real numbers for which the expression (x*—8)/(x—2) makes sense. We must
exclude x =2 because division by 0 is undefined. Therefore Dy = {x € R: x # 2}.
We conclude that G and H are not the same function: they have different
domains. <«

Suppose S’ is a set that consists of some but not all points of a set S. Given
a function G defined on S, we can create a function on the subset S’ by assigning the
output value G(x) to the input value xeS’. This function is called the restriction of G to
S’. The notation G|y is sometimes used to denote the restriction of G to S’. In Example 2,
the domain S of G equals R, the subset " of S'is {x € R : x # 2}, and H is the restriction
of Gto S

A function is often described by different rules over different subintervals of its
domain. Such a function is said to be a piecewise-defined or multicase function.

The absolute value function x +— |x| is a familiar multicase function that will
often be used in this text. It can be written as

L x it x=0
TPy if x<0

Another example of a piecewise-defined function that occurs frequently is the
signum, or sign, function:

1 if x>0
signum(x) = 0 if x=0.
-1 if x<0

The next example illustrates that multicase functions are often encountered in
everyday life.

> EXAMPLE 3 Schedule X from the 2008 U.S. income tax Form 1040 is
reproduced here. This form helps determine the income tax T(x) of a single filer
with taxable income x.

Over But not over The tax is Of the amount over
$0 $8025 10% $0
$8025 $32550 $802.50 + 15% $8025
$32550 $78850 $4481.25 +25% $32550
$78850 $164550 $16056.25 + 28% $78850
$164550 $357700 $40052.25 +33% $164550
$357700 $103791.75 + 35% $357700

Write T using mathematical notation.

Solution The function T is defined for all positive values of x, but there are six
different cases. We use the following notation:
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0.10x if 0<x = 8025
802.50 +0.15(x — 8025) it 8025 <x = 32550
4481.25 +0.25(x —32550) if 32550 <x = 78850
16056.25 + 0.28(x — 78850) if 78850 <x = 164550
40052.25 +0.33(x — 164550) if 164550 <x = 357700
103791.75 + 0.35(x — 357700) if 357700 <x

For a given value of x, there are two steps used to determine 7'(x). First, we must
determine the interval in which the value x lies. Second, we must apply the formula
that corresponds to that interval. For example, a single filer with taxable income of
$30,000 would observe that x = 30000 lies in (8025, 32550] and would compute his
tax to be

7(30000) = 802.50 + 0.15(30000 — 8025) = $4098.80. <

In calculus, it is often useful to represent functions visually. Pictures, or graphs, can
help us think about functions. For now, we will only graph functions with domains
and ranges that are subsets of the real numbers. These real-valued functions of a
real variable are graphed in the xy-plane. The elements of a function’s domain are
thought of as points of the x-axis. A function’s values are measured on the y-axis.

The graph of fis the set of all points (x,y) in the xy-plane for
which x is in the domain of fand y = f(x). Thus if fis a real-valued function that
is defined on a set S of real numbers, then the graph of fis the curve {(x,y):

xeS,y=f(x)}

The graphs of some basic functions are shown in Figure 1. If a number x; is not
in the domain of a function f, then there is no point of the form (xo, y) that lies on
the graph of f. In other words, the vertical line x = x, does not intersect the graph of
fwhen xq is outside the domain of f. If x; is in the domain of f, then there is one and
only one point of the form (xo, y) that lies on the graph of f—namely, the unique

point (xo, yo) with yo = f(xo).

These considerations lead to the Vertical Line Test: If every vertical
line drawn through a curve intersects that curve only once, then the curve is the graph
of a function. If there is a vertical line that intersects the curve in more than one
point, then the curve is not the graph of a function.

» EXAMPLE 4 Is the graph of the equation x*+ y?=13 the graph of a
function?

Solution The graph of x>+ y? =13 is the circle shown in Figure 2. Observe that
there are many vertical lines that intersect the graph in more than one point. It
takes only one such line to demonstrate that the curve is not the graph of a
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function. Figure 2 illustrates this idea with the vertical line x =2, for which there
are two y values, y =3 and y = —3, such that (x,y) is on the given circle. <

> EXAMPLE 5 Isthe curve in Figure 3 the graph of a function?

Solution For each x that lies in either the open interval (—8,2) or the closed
interval [4, 8], there is only one corresponding y value. Thus the curve passes the
Vertical Line Test and is the graph of a function x — f(x) (even though we do not
know a formula for f(x)). The domain of fis (—=8,2)uU[4,8]. <«

Chapter 4 explains some techniques for graphing functions. For now, it is a
good idea to learn to recognize and sketch the graphs of basic functions (such as
those plotted in Figure 1) and to use a graphing calculator or computer for more
complicated functions. When we sketch a graph by hand, we can easily highlight
important features (such as isolated points missing from the domain) and note-
worthy details (such as intercepts). For instance, the function H from Example 2
is graphed in Figure 4. An open dot indicates that the number 2 is not in the
domain of H.

> EXAMPLE 6 Graph the signum function, which is defined in the preceding
subsection.

Solution The part of the graph of signum to the left of x =0 lies on the horizontal
line y = —1. The part to the right of x = 0 lies on the horizontal line y = 1. A closed
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y

W4

Figure 5 y = signum(x)

dot indicates that (0,0) is on the graph of signum. Because the points (0, —1) and
(0,1) are not on the graph of signum, we use open dots (see Figure 5). <«

» EXAMPLE 7 One popular graphing calculator uses the rectangle [—10,
10] X [—10, 10] as its default viewing window. Explain why no parts of the graphs of
f(x)=vx2—x—132 and g(x) = (2x* +100)/(x> + 2x +2) appear in this viewing
window.

Solution The function f may be written as
flx)=Vx2—x—132=/(x + 11)(x — 12).

For x to be in the domain of f, the product (x + 11)(x — 12) must be nonnegative.
Therefore the factors x + 11 and x — 12 must have the same sign. This happens only
for x < —11 (both factors nonpositive) and for x =12 (both factors nonnegative).
No part of the graph of f will appear in any viewing window of the form [—10, 10] X
[Vmin» Ymax] because [—10,10] is not in the domain of f.

The problem with the graph of g is different. By completing the square in the
denominator, we see that g(x)= (2x*+ 100)/((x + 1)*+1). The denominator is
greater than or equal to 1, hence it is never 0. The domain of g is, therefore, the set
of all real numbers. In particular, [—10, 10] is in the domain of g, and we can be sure
that some viewing rectangle of the form [—10, 10] X [ ymin, Ymax] Will contain part of
the graph of g. Indeed, Figure 6 shows the graph of g in the viewing window
[—10,10] X [0,250]. We see that g(x) > 10 for every value of x in [—10, 10]. In other
words, the rectangle [—10,10] X [—10, 10] lies entirely below the graph of g. <«

A function f with a domain that is the set Z" of positive integers is called an infinite
sequence. In general, a function f'is a sequence if its domain is a finite or infinite set
of consecutive integers. We can write a sequence f by listing its values:

f), £2),FB3), - -

Thus a sequence fcan be thought of as a list, with f(1) being the first element of the
list, f(2) the second element, and so on. It is common to abandon the function
notation altogether and write the sequence as

f17f27f3; SECEEEE)

or sometimes as {f,}~,, or even as {f,}. We refer to f, as the n™ term of the
sequence f. Occasionally, it is useful to begin a sequence with an index different
from 1. An example is {3n — 5}, ,, which denotes the sequence 7,10,13,16, ... .
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Functions from Data

> EXAMPLE 8 Forn=1,2,3,... let f, be the product of the positive inte-
gers less than or equal to n. List the first six terms of {f,},~;.

Solution We calculate fi=1, £=2-1=2, f5=3.2-1=6, f,=4-3-2-1=24,
f5=5-4-3-2-1=120, and fs=6-5-4-3-2-1=720. «

The numbers of Example 8 are known as factorials. They are important in
many fields of mathematics and they arise in calculus as well. It is common to write 7!
(read n factorial) for f,,. Thus n! =n-(n—1)- - -3-2-1forn=1,2,3, .... We also define
0! to be 1. That is, 0! =1.

> EXAMPLE 9 Use the decimal expansion of 7w to define a sequence of
rational numbers {g,} that become progressively closer to .

Solution We can define such a sequence {q,} by ¢ =3.1, g =3.14, g3 = 3.141,
q4 =3.1415, g5 = 3.14159, and so on. Thus

qn = the first (n + 1) digits of the decimal expansion of .

This is not a constructive definition because no method of computing the decimal
expansion of 7 has been given. Constructive sequences are given in the Exercises 57
and 58. «

A sequence {s,} is inductively (or recursively) defined if s, 1 is defined in
terms of some or all of its predecessors sy, ...,S,. In this case, we must specify (or
initialize) some of the first few values of the sequence {s,}.

> EXAMPLE 10 The Fibonacci sequence f,, is defined by f,,4> = f,,+1 + f,, for
n=1. The values f; and f, are both initialized to be 1. What is f,?

Solution We calculate:

f=ht+tfi=1+1=2
fa=fith=2+1=3
fs=fit+tfz=3+2=5
fo=fs+fs=5+3=8
f7:f6+f5:8+5:13 |

In practice, many functional relationships are not initially discovered in the form of
mathematical expressions. For example, suppose that several observations or mea-
surements of two variables x and y are made and that y depends on x by means of an
undetermined function f. One way to find an expression for f(x) is to plot a sequence
{(x,yn)} of the observed values. The result is known as a scatter plot, or a scatter
diagram. Comparison of the scatter plot with known graphs can suggest a suitable
formula for f. This formula is then said to be a mathematical model of the
observations.

> EXAMPLE 11 In 1929, the American astronomer Edwin Hubble pre-
sented evidence that indicates the expansion of the universe. Hubble measured the
distances and recession velocities of several galaxies relative to a fixed galaxy.
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(Recession velocity is the speed at which two galaxies move away from each other.)
Some of Hubble’s data is tabulated here.

Virgo | Pegasus | Perseus| Ursa |Leo | Gemini | Bootes | Hydra| Coma
Major 1 Berenices
d| 22 68 108 255 | 315 405 685 1100 137
v| 0.75 2.4 32 9.3 12.0| 144 245 | 38.0 ?

In the table, d represents distance in millions of light years (here a light year is the
distance that light will travel in one year), and v represents velocity in thousands
of miles per second. Find a model for v as a function of d. What is the recession
velocity of Coma Berenices?

Solution Figure 7 shows a plot of the tabulated data. Because d is the independent
variable and v the dependent variable, we refer to the horizontal axis as the d-axis,
the vertical axis as the v-axis, and the plane they determine as the dv-plane.
Because the plotted points lie near a line that passes through the origin of the
dv-plane, the model we seek has the equation v= H - d where H denotes the slope
of the line. The calculated values needed for the slope of the regression line
through the origin are recorded in the following table:

d v d-v &
22 0.75 16.5 484
68 2.4 163.2 4624
108 32 345.6 11664
255 93 23715 65025
315 12.0 3780.0 99225
405 14.4 5832.0 164025
685 24.5 16782.5 469225
1100 38 41800 1210000
Sum 71091.3 2024272

According to formula (1.3.8), we have
_ diyvi +dyvy + - - -+ dgug
B+ +d;
_(22)(0.75) + (68)(2.4) + - - - +(1100)(38.0)
- 227 + 68 + - - -+ 11007

_ 71091.3
2024272

=0.03512.
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Thus v=H-d=0.03512-d. The graph of this equation is given in Figure 8, with
Hubble’s observations superimposed.

Because d =137 for Coma Berenices, we calculate that the corresponding
recession velocity is v=0.03512-137, or v=4.811. Because the units for v are
thousands of miles per second, our estimate amounts to 4811 mi/s. In fact, Hubble
measured the recession velocity of Coma Berenices to be 4700 mi/s. <

The constant H is known as Hubble’s constant. A dimension analysis
shows that 1/H represents a time because the equation v = H - d implies
1 _d distance

H v distance/time
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In the Big Bang theory of the universe, 1/H represents the age of the universe. Refine-
ments in astronomical measurements have led to corrections to Hubble’s data and to
revised estimates of H. Data obtained from the Wilkinson Microwave Anisotropy Probe
(WMAP) released in February 2008 suggest that the universe is approximately 13.73
billion years old.

By “transforming” data, the method of least squares can often be applied in
instances when a scatter plot is not linear. For example, suppose that z = A - k",
where A is a known constant, and k is a fixed base that is to be determined. We
apply logyo to each side of the equation z=A-k*. Using the logarithm laws
logio(u - v) = logo(u) + logig(v) and log;o(u”) = p - logio(1), we obtain

logyy(z) =log;(A - k)
=log;((A) +log,y(k*)
=log(A) +x - logy (k).

If we set y =logo(z), m =logio(k), and b =logi9(A), then the transformed equa-
tion becomes the linear equation

y=m-x+b

in the variables x and y.

> EXAMPLE 12 A radioactive isotope of gold is used to diagnose arthritis.
Let f(x) denote the fraction of blood serum gold remaining in the patient at the
time x days after the initial dose. Measured values of f(x) for x=1,2,...,8 are
listed in the table.

Days x 0 1 2 3 4 5 6 7 8

Serum gold (z) | 1.0 | 091 | 0.77 | 0.66 | 0.56 | 0.49 | 0.43 | 0.38 | 0.34

Find a positive constant k such that z = k" is a model for f(x). Use the model to
predict the fraction of the initial dose that remains in the blood serum after ten
days.

Solution Figure 9a shows the scatter plot of this data. Following the discussion that
precedes this example, we apply log;, to each side of z = k" to obtain the linear
equation

y =logyy(z) = log,o(k*) = x - logyo(k) =m - x
where m = logo(k). Because the line y = m -x passes through the origin, we pass

the regression line through the data point (0,0). With xg=0,y,=0, and N=8§,
equation (1.3.8) becomes

m:X]y1 + X2y + - - -+ Xgyg
B+ +x2
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The values that we need for the calculation of m can be found in the following

table.
x z y =logio() Xy x
1 0.91 —0.0409 —0.0409 1
2 0.77 —0.1135 —0.2270 4
3 0.66 —0.1804 —0.5414 9
4 0.56 —0.2518 -1.0073 16
5 0.49 —0.3098 —1.5490 25
6 0.43 —0.3665 -2.1992 36
7 0.38 —0.4202 —2.9415 49
8 0.34 —0.4685 —3.7482 64
Sum —12.2545 204

Our estimate of m is —12.2545/204, or m = —0.06.

Figure 9b shows the transformed data points, along with the least squares line
y=—0.06x. Our estimate for m provides an estimate for the base k, namely
k=10""%~0.87. In Figure 9c, the graph of y=0.87" is superimposed on the
original scatter plot. The predicted value of the serum gold concentration ten days
after the initial dose is f(10) = 0.87'°~0.25. <



Functions of Several

EXERCISES
Problems for Practice

In Exercises 18, state the domain of the function defined

Variables

by the given expression.

® NN E W N

. x/(1+x)

Vx2+2

Nrmy

\S]

V2 —x?

L 1/(x*—1)
. VX/(x* +x—6)

Vx2—4x+5

Y

@-ax-1)
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Many variables depend on several other variables. For example, the volume V of a
right circular cone of height 4 and base radius  depends on both /# and r. We say
that V' is a function of 4 and r, and we write V(#,r). In this case, we can describe V
by the rule
_1 -
V(h,r)= Z7r°h.
3

Similar notation is used for functions of three or more variables. Thus the volume V
of a rectangular box is a function of its height %, width w, and depth d:

V(h,w,d) =hwd.

Although we will occasionally encounter multivariable functions in the next sev-
eral chapters, we will not study the calculus of multivariable functions until
Chapter 13.

1. True or false: a is in the domain of a real-valued function f of a real variable if
and only if the vertical line x = a intersects the graph of f exactly once.

2. True or false: b is in the range of a real-valued function f of a real variable if and
only if the horizontal line y = b intersects the graph of f at least once.

3. True or false: b is in the image of a real-valued function f of a real variable if and
only if the horizontal line y = b intersects the graph of f exactly once.

l9— 2
4. What is the domain of the function defined by the expression 22 _x 7] ?

5. Suppose that {f,},—, is recursively defined by fo =1 and f,, =n - f,—; for n>0.
What is fq?

Answers
1. True 2. False 3. False 4. [-3,-2)u (2,3] 5. 720

In Exercises 9—14, sketch the graph of the function
defined by the given expression.

9. x> +1
10. x> —1
11. 12
12. X*/3+3
13. 3 - X212
14. x> +6x + 10

In Exercises 1524, plot several points, and sketch the
graph of the function defined by the given expression.

15. x72
16. V2
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17. V2x +4
18. vx—2
19. (x —4)"'?
20. (x+1)73
21 1/vVx+1

22. signum(|x*—x]|)

¥ ifx<1

23"{2—x2 if x=1
-4 if x<2

24. ¢ x+2 if 2=x<2

X2 if2=x

Further Theory and Practice

25. We say that y is proportional to x if y=kx for some
constant k (known as the proportionality constant). Use
the concept of proportionality to determine the arc
length s(«) for the arc of a circle of radius r that subtends
a central angle measuring « degrees. (Deduce the pro-
portionality constant by using the value of s that corre-
sponds to o = 360°.)

26. Let y = f(x) where f(x) = mx + b for constants m # 0 and
b. Show that a change in the value of x from x, to xo + Ax
results in a change Ay in the value of f(x) that does not
depend on the initial value xo. In other words, the
increment Ay = f(xo + Ax) — f(xo) depends on the
increment Ax but not on the value of x.

27. A variable u = f(x,y) is said to be jointly proportional to
x and y if f(x,y) = kxy for some constant k. The area of a
sector of a circle is jointly proportional to its central angle
and to the square of the radius r of the circle. What is the
area A(r, o) if the degree measure of the central angle of
the sector is a? (Deduce the proportionality constant by
using the value of A that corresponds to a = 360°.)

28. Calculate the area A(¥, ) of an isosceles triangle having
two sides of length ¢ enclosing an angle .

29. Let r and s be the roots of x*+ Ax + B. Express the
coefficients A and B as functions of r and s.

30. Sketch the graph of the tax function 7 for 0 <x = 50000
(see Example 3).

31. Figure 10 shows the graph of a function f. Give a formula
for f.

32. The domain of the function f that is graphed in Figure 10
is [0,5]. For every x € [0,5], let m(x) be the slope of the
graph of f at (x,f(x)), provided the slope exists. Other-
wise, m(x) is not defined. What is the domain of m?
Sketch the graph of the slope function m. For x € [0, 5],
let A(x) be the area under the graph of f and over the
interval [0,x]. Sketch the graph of the area function A.

33. Let T denote the tax function described in Example 3. In
this exercise, we will restrict the domain of 7T to

~4
w4

1 2 3
Figure 10

0 <x <50000. For x in this interval, excluding the points
8025 and 32550, let m(x) denote the slope of the graph of
T at the point (x, T(x)). Give a multicase formula for m.
Let A(x) be the area under the graph of m and over the
interval (0,x). Give a multicase formula for A. What is
the relationship of A to 7?

In Exercises 3440, give a recursive definition of the
sequence.

34. f,=2n,n=1,2,3, ...

35. f,=2"n=1,23,...

36. f,=1+2+---+n,n=1273, ...
3. fu=nl,n=123, ...

38, f, =20y =123 ...

39. f,=n(n+1)2,n=1,23, ...

40. {1,5,17,53,161, ...}

41. For any real number x, the greatest integer in x is denoted
by |x] and defined to be the unique integer satisfying
[x] =x<|x]+1. For example, [32]/=3 and
|—3.2] = —4. Notice that |x]| =x if and only if x is an
integer. The function x — |x| is called the greatest integer
function. (The expression |x| is sometimes read as “the
floor of x.”) The integer part of x, denoted by Int(x), is
that part of the decimal expansion of x to the left of the
decimal point. Express |x| as a multicase function of
Int(x). Graph x+— |x| and x—Int(x) for -3 =x=<3.

42. A kilowatt-hour is the amount of energy consumed in 1
hour at the constant rate of 1000 watts. At time t=0
hour, a three-way lamp is turned on at the 50-watt setting.
An hour later, the lamp is turned up to 100 watts. Forty
minutes after that, the lamp is turned up to 150 watts.
Ninety minutes later, it is turned off. Let E(f) be the
(cumulative) energy consumption in kilowatt-hours
expressed as a function of time measured in hours. Graph
E(f) for 0=t=4.

43. A loan of P dollars is paid back by means of monthly
installments of m dollars for n full years. Find a formula



for the function I(P,m,n) that gives the total amount of
interest paid over the life of the loan.

44. Initially, a solution of salt water has total mass 500 kg and
is 99% water. Over time, the water evaporates. Just for
fun, estimate to within 25 kg the mass of the solution at
the time when water makes up 98% of the solution. Find
a formula for the total mass m(p) of the solution as a
function of p, the percentage contribution of water to the
total mass. Exactly what is m(98)? Graph m(p).

45. Recursively define two sequences {¢,},, and {G,},~, by
initializing ¢y = Cy =1 and, for each nonnegative integer
n, setting

Cn+1 = CoG, +C1Cp—1 + - - -+ cp—101 TG00
and

4n+2

Chi1=——=GC,.
n+l1 n+2 n

Calculate ¢, and C, for 0=n=8. (These integer

sequences can be shown to be the same for all non-

negative integers n. The members of these sequences are

called Catalan numbers.)

If P(x) is an assertion about x that is either true or false
depending on the value of x, then we can make P(x) into a
numerical function by using 1 for true and 0 for false. Thus
the function x — (¥*> <x) has the value 1 for —1 <x<1and 0
for all other values of x. Some calculators and computer
programs use this assignment of truth values as a convenient
tool for expressing multicase functions. For instance, we can
describe the function

—x+3 ifx<0

F(x)= 3 if0<x<2
x+1 ifx=2

with one formula as follows:
Fx)= —x-(x<0)+30<x)(x<2)+(x+1)  (x=2).

In each of Exercises 46—49, use this method to express the
given multicase function with one formula. Plot the
function.

46. H(x)= { (1) ii i ig (H is known as the Heaviside
function).
1 ifx>1
47. R(x)=14 x if0<x=1 (R is theramp function.)
0 ifx=0

1.4 Functions and Their Graphs 47

0 ifx>1

48. r(x)=<¢ 1 if0<x=1 (r is the rectangular bump
0 ifx=0 function.)
0 ifx=1

49. b(x) = ; . g%ii i 12 (b is the triangular bump
0 if2<x function.)

Calculator/Computer Exercises

50. In the table, x represents cigarette consumption per adult
(in hundreds) for 1962 for eight countries. The variable y
represents mortality per 100,000 due to heart disease in
1962.

X y
Australia 322 | 2381
Belgium 17.0 | 118.1
Canada 335 | 211.6
West Germany | 18.9 | 150.3
Ireland 27.7 187.3
Netherlands 18.1 | 124.7
Great Britain 279 | 1941
United States 39 256.9

Plot the eight points (x,y). Find a function f(x)=
mx +12.5 that could be used to model the relationship
between cigarette consumption and mortality due to
heart disease.

51. Let x € [0, 1] be the incidence of a certain disease in the
general population. For example, if 132 persons out of
100,000 have the disease, then x = 0.00132. Suppose that
a screening procedure for the disease results in false
positives 1% of the time and in false negatives 2% of the
time. Then, according to Bayes’s law,

098
P() = 5575+ 0.01

is the probability that a person who tests positive for the
disease actually has the disease. Graph P in an appro-
priate window. What does this graph tell you about the
value of routinely using this screening procedure if the
disease is rare?

52. The astronomical unit (AU) is the mean distance of Earth
to the sun. The table gives the mean distances (D) in
astronomical units between the sun and the six planets
that were known at the time of Johannes Kepler.

The table also provides the planets’ periods of orbit
about the sun (7') in years. Plot the six points (D, T). In
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the window [0, 10] X [0, 30], graph the function f,(x) = x?
for each ¢ =m/n with 1 =m and n=3. For what value
of g does the graph of f, fit the data well? Notice that
T<D for D<1, and T> D for D > 1. Explain why this
indicates that g > 1. Which points show that g <2?

T D
Mercury 0.24 0.387
Venus 0.615 | 0.723
Earth 1.00 1.00
Mars 1.88 1.524
Jupiter 11.86 5.203
Saturn 29.547 | 9.539

When the argument of a function f changes by an
increment & from x — A to x, the value of the function
changes by the increment F(x,h)=f(x)—f(x—h). If h
is small, then it is to be expected that F(x,4) is also
small. In 1615, Kepler noticed that when f(x,) is a max-
imum value of f, the increment F(xq, /) is even smaller
than one might expect. In this exercise, we use the func-
tion f(x)=5—24x>+20x’ —3x* to investigate Kepler’s
observation.

a. Graph f in the window [2,5] X [20,135]. Using the
graph, determine the value xy of x for which f(x) is
maximized.

b. Calculate F(xo,/) and F(3.99,h) for h= 1073, 1074,
and 10>, You will notice that for each of these values
of h, F(xo,h) is much smaller than F(3.99, k).

¢. Plot F(3.99, k) for 10> =k =10"". You will see that F
(3.99, h) = mh for some constant m.

d. Now plot F(xo,h) for 10 °=h =103 You will see
that F(xo, h) ~ Ah? for some constant A.The reason for
the behavior Kepler observed is that 4? is negligible
compared to 4 when 4 is small.

In this exercise, you will compute the first several terms

of a sequence {m,} of rational numbers that approach

V2. Let I be the interval [1,2]. It contains v2. Let

my = 3/2 be the midpoint of /; so that m; divides [; into

two subintervals. Let I, be the subinterval of I; that

contains v/2. That is, I, = [1,m,] if 2 <m?, and I, = [m,,2]

otherwise. Let m; be the midpoint of /,. Then m;, divides

I, into two subintervals. Let /3 be the subinterval of I,

that contains v/2. Continue this process. Calculate I, and

m,, for 1 =n=<8. What is the length of the interval Ig?

Without calculating V2, what is the maximum error that

can result if myg is used to approximate v/2? (This pro-
cedure for approximating a root is called the bisection
method.)

55. This exercise is based on an ancient Babylonian method

for approximating the square root of a positive number c.
Assume that c lies in the interval (1,4) for simplicity. Set
Xxo=3/2. For n =0, define

Xn+1 = % (xn + X%,)

a. Use the definition of x,,; to obtain the identity
[Xn+1 — Vel = (xnf\/E)z/zxn-

b. Use part (a) to deduce that if x,, approximates /c to k
decimal places, then x, . approximates /c to 2k
decimal places.

c. Use this algorithm to compute v/3.75 to 8 decimal
places.

56. This exercise is based on an ancient Greek algorithm for

approximating V2. Let so=dy=1. Let s,=s,_1 +d,_1
and d,=2s, 1 +d,  forn=1. Let r,=d,/s,.

a. Calculate s, d,,, and r,, for 1 =n=10.

b. Verify the equation

for 0=n=10. (It can be proved true for all positive
integers n.)

¢. Compare ryo with v/2. Use the equation of part (b) to
explain why 7, is a good rational approximation to v/2
for large n.

57. This exercise is based on a formula for 7 published by

Francois Viete in 1593. Let q1:l/\/§. For n=2, let

gn=q(1+q, )" Let 0,=q1q> ... qu, and p,, =2/0,..
Calculate p,, for 1 =n=8.

58. This exercise describes a very fast procedure for calcu-

lating the digits of 7 (supposing that the digits of v/2 are
already known). Set ag = V2, by =0, and pPo=2+ V2. For
n =0, define

a =5 (Vart 1)

Va,

(1+by)

b = P SV

n+1 \/E—n (an+bn)
(an+1 + 1)
n =DPn- bn R
Pn+1 =D +1 (1+bp1)

Calculate p,, for n=1,2, and 3.
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1.5 Combining Functions

Most of the functions that we encounter are built up from simpler functions. This
building process is accomplished using arithmetic and other operations. Although
these two statements may seem perfectly obvious, it is worth noting explicitly how
some of these operations work. The functions that we will be considering from
now until Chapter 10 will have both domain and range that are subsets of the real
number system. We will not always state this fact explicitly.

Arithmetic Operations Let ¢ be a constant. Suppose that f and g are functions with the same domain S.
For ses,

f/g)(s) means f(s)/g(s), as long as g(s) # 0.

If f and g are functions, then f+ g, f— g, f- g, and f/g are new functions.
The rules defining the new functions are expressed in terms of the original functions fand
g. The next two examples show how these simple ideas are put into practice.

» EXAMPLE 1 Letf(x)=2x,andg(x) =x". Calculate f+ g, f— g.f- g, and f/g.

Solution We calculate that

Given a function f, we let f? denote the function f- f. That is, f*(x) = f(x)>. We
similarly define f* for other positive integers k. For instance, if f(x) =2x—5, then

fi) = (x—5)"

» EXAMPLE 2 Let f(x)=x7 and g(x) =x + 2. Compute

(=50

Solution To perform this calculation, we apply the rules to write

f+Q2g-f _f3)+2-g3)-f3) _9+2-5-9 99
) e It
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Polynomial Functions A polynomial function p is a function of the form

250+

150+

50+

! TI——

[CEE

7l

Figure 1
y=x3+3x>+7x+10

4

p(x) =ayx" +ay-1x" 1 +

- -+ aix + ap,
where N is a nonnegative integer, and ay does not equal zero. We say that N is the
degree of the polynomial p(x) and that ay is the leading coefficient. According to
this definition, if ¢ is a nonzero constant, then the constant function g(x) =c is a
degree 0 polynomial. A degree 1 polynomial p has the form p(x) = a;x + a¢ and is
sometimes called a linear polynomial because its graph is a line.

If p(r) = 0, then we say that p vanishes at r and that r is a root, or a zero, of p. If
r is a root of a polynomial p, then there is a polynomial g of degree one less than
that of p such that p(x) = (x — r) - ¢(x). The polynomial ¢ may be found by division.
The Fundamental Theorem of Algebra implies that every polynomial with real
coefficients can be factored into a product of polynomials with real-valued coeffi-
cients that have degree one or two. A degree 2 polynomial ax® + bx + ¢ that cannot
be factored as a product of two degree 1 polynomials with real coefficients is said
to be irreducible. These are the quadratic polynomials with roots

—b + vVb* — 4ac and —b —Vb?> —4ac
2a 2a

that have nonzero imaginary parts. Such nonreal roots occur if and only if b* < 4ac.

» EXAMPLE 3 Factor the polynomial x* +3x*+7x+10 as a product of
polynomials with real coefficients.

Solution Because the degree of the given polynomial is greater than two, it can be
factored. A plot of the equation y = x° + 3x* + 7x + 10 reveals that —2 is a root, as
shown in Figure 1. It follows that x — (—=2) = x + 2 is a factor. Division of x + 2 into
x> + 3x% + 7x + 10 yields another factor, x* + x + 5:

x2+x+5

x+2)x3 +3%x2+7x +10
x3 +2x2

x2 + Tx
x2 +2x

5x + 10
S5x + 10

0

According to the Quadratic Formula, the roots of x*+x+5 are (—1=*

1°—4.1-5)/(2-1) or —1/2+iy/19/2. Because these roots are not real num-
bers, the polynomial x*+ x + 5 cannot be factored into degree one polynomials
with real-valued coefficients. Thus

X432 +7x+10=(x+2)(x* +x +5)

is the complete factorization over the real numbers. <«
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f g

TN T

Domain x

f(x)

of f Wg(ﬂx))
g°f

Figure 2

Another way of combining functions is by functional composition. Suppose that f
and g are functions and that the domain of g contains the range of f. This means
that if x is in the domain of f, then g may be applied to f(x) (see Figure 2). The
result of these two operations, one following the other, is called g composed with f,
or the composition of g with f. We write go f for the composition and define

(g°f)(x) =g(f(x)).

The expression (g f)(x) may look like multiplication of functions, but it is
not. For example, if g(x) = x%, and f(x) = 7x°, then

(8- ) =g(x) - flx) =2 - 72> =7,

whereas

(g°f)(x) =8(f(x)) = g(7x") = (7x°)* = 49x°.

A good rule when dealing with compositions of functions is to use parentheses to
organize formulas. Also, simplify parenthetical expressions by starting from the inside
and working out.

» EXAMPLE 4 Let f(x)=x*+1, and g(x) =3x + 5. Calculate g-f and fog.

Solution We calculate that

(g°)(x) = g(f(x)) =g(x* +1). (1.5.1)

We have started to work inside the parentheses: The first step is to substitute the
definition of f, namely x> + 1, into the equation. The definition of g now says that
the evaluation of g at any argument is obtained by multiplying that argument by 3
and then adding 5. This is the rule no matter what the argument of g is. In the
present case, we are applying g to x*+ 1. Therefore the right side of equation
(1.5.1) equals 3(x*+ 1) + 5. This simplifies to 3x*+ 8. In conclusion, (g°f)(x)=
3x*> + 8. We compute fog in a similar manner:

(fog)x)=f(gx)) = (g(x))* +1=(Bx +5)* +1=9x* +30x +26. <«

Example 4 shows that fo g can be very different from gof. In general,
composition of functions is not commutative: The order of the operands g and f matters.
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Inverse Functions

» EXAMPLE 5 How can we write the function r(x) = (2x +7)* as the com-
position of two functions? If u(f) = 3/(t* + 4), how can we find two functions v and
w for which u =vow?

Solution We can think of the function r as two operations applied in sequence.
Read the function aloud: First we double and add 7, and then we cube. Thus define
f(x)=2x+7 and g(x) = x> to get r(x) = (g-f)(x), or r=gof.

Similarly, read aloud the way we evaluate u at w: First we square ¢ and add 4,
and then we divide 3 by the quantity just obtained. As a result, we define w(r) =
%+ 4 and v(¢) = 3/t. It follows that u(f) = (vow)(t), or u=vow. <

We can compose three or more functions in a similar way. Thus
(H-G-F)(x) = H(G(F(x))).

> EXAMPLE 6 Write the function r from Example 5 as the composition of
three functions instead of two.

Solution Read the function aloud: First we double, then we add 7, and then we cube.
We set F(x) =2x, G(x) =x+7, and H(x) = x>. We get r(x) = (H> G- F)(x). <

When we work with a function f whose domain is S and range is 7, we generally use
a rule to calculate the value f(s) in the range that corresponds to a given value s in
the domain. Stated in the language of equations, we compute ¢ =f(s) in T for a
given value s in S (see Figure 3). There are times when we must “invert” this
process. That is, for a given value ¢ in the range of f, we seek a value s for which
f(s)=t. Stated in geometric terms, we seek the abscissa s of a point (s,f) of
intersection of the graph of y = f(x) with the horizontal line y =¢ (see Figure 4).
The following definition describes the functions for which such points of inter-
section always exist.

y=f(x) y=fx)

(5,7()) ' /6)

Figure 3 Figure 4

A function f: S — T'is onto if, for every ¢ in 7, there is at least one
s in S for which f(s) =1t.



1.5 Combining Functions 53

In geometric terms, if fis an onto function and ¢ is any value in the range
of f, then the horizontal line y =t intersects the graph of fin at least one point.

» EXAMPLE 7 Let $=[0,3] and 7=1,10]. Let f and g be functions with
domain S and range 7 defined by f(x) =3x + 1 and g(x) =2x*—4x + 4. Is f onto?
What about g?

Solution Figure 5 shows the plots of y =f(x) and y = g(x) for 0 =x=3. We see
that every horizontal line y = ¢ with 1 =7 =10 intersects the graph of f. Analytically,
for every ¢ in the range of f, we can explicitly find a value s in the domain for which
f(s)=t. We simply set 3s + 1 =t and solve s = (+ — 1)/3. Notice that 0=s for 1 =¢
and s =3 for t=10. Thus s is in the domain of f. We conclude that f is onto. On
the other hand, we see from Figure 5 that there are values ¢ in 7 for which the
horizontal lines y = ¢ do not intersect the graph of g. We can understand the reason
for this as:

gx) =22 —2x) +4=2(x> —2x+1) +4-2=2(x—-1)> +2=2,

which shows that the equation g(s) =t has no solution s for any z<<2. Figure 5
illustrates this idea with ¢ = 3/2. We conclude that g is not onto. <

10“}1 — flx)=3x+1
—glx)=2>—4x+4
8
T< 01
4 4
1 Il Il |X
1 2 3

V
S

Figure 5

Another difficulty that can arise when we try to invert a function fis that the
horizontal line y = ¢ may intersect the graph of y = f(x) in more than one point. The
functions for which this complication does not arise are described by the next
definition.

A function f:§ — T is one-to-one if it takes different elements of
S to different elements of 7.

In geometric terms, no horizontal line intersects the graph of a one-to-one
function in more than one point. Equivalently, a function f is one-to-one if, for any
given t, the equation f(s) = ¢ has at most one solution s.
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> EXAMPLE 8 Figure 6 shows the graphs of four functions with domain
[0,2] and range [0,4]. Determine the functions that are onto. Determine the
functions that are one-to-one.

4 4
y=n
24 24
y = f(x) y =8
0 } 0 }
0 1 2 0 1 2
4 4
y=bn
/\\—/ y= k(x)
2+ y = h(x) 2T Y=l
y=1
0 f 0 }
0 1 2 0 1 2

Figure 6

Solution 1t is evident from the graphs that g and k attain every value in the range.
These functions are onto. Because the horizontal line y = #; does not intersect the
graph of f, and the horizontal line y = t; does not intersect the graph of 4, these
functions are not onto.

It is evident that the graphs of f and g do not have more than one point of
intersection with any horizontal line. Therefore f and g are one-to-one. Because
the horizontal line y = ¢, intersects the graph of # in more than one point and
because the horizontal line y = #4 intersects the graph of k in more than one point,
these functions are not one-to-one. In summary, f is one-to-one but not onto, g
is one-to-one and onto, & is neither one-to-one nor onto, and k is onto but not
one-to-one. <

Suppose that a function f: S — T is both one-to-one and onto. Then, for every ¢
in the range of f, there is exactly one s in the domain of f such that f(s) =1t. If we
denote by £ (¢) the unique value of s such that f(s) = f, then we have f(f (1)) =1t
for every ¢ in the range of f. Notice that f ! is a function with domain 7 and range
S. We say that the function fis invertible, and f ~': T — S is the inverse function of f.

If f:S — T is invertible, then the equations f(s) =t and s =f'(¢) yield the
equation f'(f(s)) =s for every s in S. This equation tells us that fis the inverse of
its inverse function f~'. In symbols, we have (f~!)"'=f. A convenient way to
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think about inverse functions is that f~' “undoes” or “reverses” what f does.
Symmetrically, f undoes what £~ does. We summarize our findings:

Suppose that a function f:S — T is both one-to-one and onto.
Then there is a unique function f~':7 — S such that

F(FY@)=tforalltinT and f' (f(s)) —sforallsinS.  (1.52)

If f: S — Tis invertible, then fo f ' is the identity function on Tand f '« f
is the identity function on S. That is, the functions fof': T — Tand f ' o f:§ — § satisfy

(fef H(t)=tforalltin T and (f 'of)(s)=s forallsinS.

The next two examples illustrate techniques for finding the inverse of an
invertible function.

» EXAMPLE 9 The function f:R — R defined by f(s) = 2s + 3 is one-to-one
and onto. Find its inverse, f .

Solution By substituting f~'(r) for s in the equation f(s)=2s+3, we obtain
F(fN0) =2f"1(r) + 3. Because f(f'(t)) =t by (1.5.2), we see that 2f '(f) + 3 =1¢.
Therefore

1y _ =3
==
We may check this solution as follows:
@) =210 +3 :z.L;) P
and

- _(f(s)=3) _(2s+3-3)
1)) = = = B

It is a common error to suppose that f ' means the reciprocal 1/f of f. This
is not so. For the function f(s) =2s + 3, s € R of Example 9,

1 _ 1 _ 1 t—3 _
s e mmt S e

To summarize:
f(t)~! means 1/f(¢), the reciprocal of the number f(t).

£~X¢) means the value of the function ™' at .

In the next example, we find an inverse function using essentially the same
method as that of the preceding example. The difference is that we use simpler
notation.
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> EXAMPLE 10 Let f:[0,2] — [1,2] be defined by f(x) = (x*/8) + 1. Find a
formula for the function f .

Solution We set y=f(x) =x’/8 +1 and solve the equation x*/8+ 1=y for x in
terms of y. We find that x> =8(y—1), or x=2(y—1)">. Because x=f"'(y), we
conclude that f~!(y)=2(y—1)"*. «

Y When we graph y = f(x), we measure the function’s argument x along the
y=x horizontal axis, and we measure the functional value y along the vertical axis. That is,
(t5) we label the horizontal axis with the independent variable x and the vertical axis with
the dependent variable y. When we find an inverse function, we reverse the roles that the
variables originally had. Thus in Example 10, the independent variable of the function
Y (y)=2(y—1)"" is y. We may plot this function in the usual way and label the
horizontal axis by y. Some instructors prefer to consistently use x for the horizontal
axis and y for the vertical axis. To follow that convention, simply replace y with x on
both sides of the equation f ~*(y) = 2(y—1)"" and plot f ~!(x) = 2(x—1)""*. Remember, in
(s.) a formula for a function, the variable used as the argument serves as a placeholder. If
we rename the placeholder, then the function does not change. The functions f~'(y) =
2(y—1)" and f~(x) =2(x—1)'? are the same.

Figure 7

The Graph of the It is not always possible to find an explicit formula for the inverse function f ' of an
invertible function f:S — 7. Nevertheless, we can often infer useful information
from the graph of f !, which can always be obtained from the graph of f. Suppose
that (s, ) is a point on the graph of f. This means ¢ = f(s), and, therefore, s = f ~'(¢).
In other words, the point (z,s) is on the graph of f . Figure 7 shows that the points
(s,f) and (t,s) are reflections of each other through the line y = x. (Exercise 60
provides a rigorous justification.) If we apply this observation to all points on the
graph of f, then we see that the graph of ' is the reflection through the line y = x
of the graph of f (see Figure 8). We state our findings as a theorem:

Inverse Function

Y y=Ff"w)

If f: S — T'is an invertible function, then the graph of f': T —» §
is obtained by reflecting the graph of f through the line y = x.

Figure 8 » EXAMPLE 11 Use the functions f and f~' of Example 10 to illustrate
Theorem 6.

Solution The graphs of f(x) =x*8 + 1 and f'(x) =2(x—1)"" are shown in Figure
9. Notice that the domain of f ! is the range [1,2] of f, and the range of f ' is the
domain [0,2] of f. It is evident that each graph is the reflection of the other through
the line y=x. <«

y
T—=r@ =68 +1

To verify Theorem 6 on a calculator or computer, make sure that each
axis is equally scaled. The reflection property will not appear correctly unless the length
—fY(x) =2(x —1)¥®  of 1 unit on the vertical axis is the length of 1 unit on the horizontal axis.

X

2

—

Figure 9



Vertical and Horizontal
Translations
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It is useful to obtain the graphs of the functions x+— f(x + /) and x+— f(x) + k from
the graph of the function f. A point on the graph of x+— f(x + k) is of the form (x,
f(x + h)). A horizontal shift, or translation, by h of this point results in (x + A,
f(x + h)), which is a point on the graph of f. Vertical translations are treated
similarly. We record these observations as a theorem.

The graph of x — f(x + &) is obtained by shifting the graph of
f horizontally by an amount /4. The shift is to the left if 2> 0 and to the right if
h <0 (see Figure 10). The graph of x — f(x) + k is obtained by shifting the
graph of f vertically by an amount k. The shift is up if k>0 and down if £ <0
(see Figure 11).

y y
y=flx+h) y = fx) y=fx)/y=[f(x+h)
X X
[ [
h>0 h<0
Figure 10a Figure 10b
y

y=flx) +k

y=flx)+k

k>0 k<0

Figure 11a Figure 11b

» EXAMPLE 12 Describe the relationship between the graph of f(x)=
x* + 6x + 13 and the parabola y = x°.

Solution We use the method of completing the square to write
f(x) =x*>+6x+13
= (x2 +6x + <§)2> +13 - (§>2
2 2
=(x+3)*+4.

Thus we obtain the graph of f by shifting the parabola y =x? to the left 3 units
and up 4 units. The graph of fis therefore a parabola with vertex at (—3,4) (see
Figure 12). «
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Even and Odd
Functions

10+

fx) =3x* = 9x2 — 17
Figure 13

-1+

g(x) = (4x3 — 10x)/(2 + 6x2)
Figure 14

y=x>+6x+13

-6 -4 =2 2 4
Figure 12

If the graph of a function has the property of symmetry, then that property can be
used as an aid in sketching the graph. It is therefore useful to identify algebraic
criteria for symmetry. We discuss two basic symmetries here and explore several
others in the exercises.

A function is even if f(—x) = f(x) for every x in its domain. Observe that, if n is
an even integer, then f(x)=x" is an even function—that is the reason for the
terminology. A function is odd if f(—x) = —f(x) for every x in its domain. If # is an
odd integer, then f(x) =x" is an odd function. The graph of an even function is
symmetric about the y—axis: If the function is plotted only for x =0, then its
complete graph may be obtained by reflecting across the y-axis. The graph of an
odd function is symmetric about the origin: If the function is graphed for x =0, then
the complete graph may be obtained by rotating 180 degrees, which is a reflection
through the origin.

» EXAMPLE 13 What symmetries do the graphs of f(x) = 3x*—9x*—17 and
g(x) = (4x>—10x)/(2 + 6x%) possess?

Solution Because f(—x) = 3(—x)*—9(—x)*—17 = 3x*—9x*—17 = f(x), we conclude
that fis an even function, and its graph is symmetric about the y-axis. Similarly we
calculate that

o 4(=x)’ —10(=x)
A

_ 4 +10x
2 + 6x2

_ (4 —10x
2 + 6x2
—g(x).

Thus g is an odd function. Its graph is symmetric about the origin (see Figures
13 and 14). «



Pairing Functions—
Parametric Curves
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Given two functions ¢; and ¢, with a common domain /, we can plot the points
(1 (1), p,(t)) as t varies through 1. The resulting graph is called a parametric curve.
This notion is made precise by the following definition.

Suppose C is a curve in the plane, and [ is an interval of real
numbers. If ¢, and ¢, are functions with domain /, and if the plot of the points
(1 (1), p,(2)) for ¢ in I coincides with C, then C is said to be parameterized by the
equations x = ¢, () and y = ¢, (t). These equations are called parametric equa-
tions for C. The variable ¢ is said to be a parameter for the curve, and [ is the
domain of the parameterization of C. We say that C is a parametric curve.

Notice that, when a curve is parameterized by the equations x = ¢, () and
¥y = ,(t), y is not given as a function of x. Instead, each of the variables x and y is
given as a function of the parameter t.

> EXAMPLE 14 Purchasing a stock amounts to purchasing a share of a
company. The value of such an investment rises or falls with the value of the
company. Purchasing a bond amounts to making a loan; interest is paid to the
bondholder until the loan is repaid. In general, bonds are not as rewarding as
stocks, but they are less risky. The risk ¢, () and reward (i.e., investment return)
©,(t) of a combined investment portfolio of stocks and bonds depend on the per-
centage ¢t of the portfolio that is made up of stocks. The following two tables
present risk and reward data for several values of t.

t 0 20 35 50 65 80 100

p1(¢) (Risk) | 0.1179 | 0.1121 | 0.1186 | 0.1325 | 0.1513 | 0.1735 | 0.2085

t 0 20 35 50 65 80 100
p,(t) (Return) | 8333 | 9583 | 1092 | 12.10 | 13.125 | 1425 | 15.63

Sketch the risk-reward curve.

Solution The common domain of ¢;(¢) and ¢,(¢) is the interval /=[0,100].
Therefore the domain of parameterization of the risk-reward curve is /= [0, 100].
Figure 15, which illustrates the risk-reward relationship as a parametric curve, was
produced by plotting the points (¢ (¢), p,(t)) for t = 0,20, 35, 50, 65, 80,100 and then
joining the points by a continuous curve. (Filling in points on a curve between
plotted data points is called interpolation.) Figure 15 enables us to understand the
risk-reward relationship at a glance. The portion of the curve that corresponds to
values of ¢ greater than 20 slopes upward. In other words, as risk increases, the
investor’s return also increases. (Investors must be compensated for knowingly
assuming greater risk.) For t <20, the risk-reward curve slopes downward; return
on investment decreases as risk increases. (As the percentage of stocks becomes
too small, the portfolio suffers from a lack of diversification, and overall risk
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L 100% stocks
14 -_ 80% stocks
e ¥ 65% stocks
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g 12 50% stocks
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Risk

Figure 15 In a mixed portfolio of stocks and bonds, the expected return of the portfolio
and the risk of the portfolio are functions of the percentage of stocks.

increases, even though the risks of the components of the portfolio decrease.
Investors are often insensitive to, or unaware of, this sort of risk.) <

If a curve C is defined by parametric equations x = ¢, (f) and y = ¢,(¢), then it is
often useful to imagine that the parameter ¢ denotes time, We may then think of a
particle tracing out the curve C and occupying the point (<p1(t), goz(t)) at time ¢. In
this context, we may refer to C as a path or a trajectory.

> EXAMPLE 15 A particle moves in the xy-plane with coordinates given by
x=2—-t> and y=1+32 —-1=r=2.
Describe the particle’s path C.

Solution We can rewrite the equation for x as t* = 2 — x. Substituting this equation
into the parametric equation for y results in y=1+3(2—x), or y=7—3x.
However, the curve C is not the entire straight line with Cartesian equation
y =7 —3x. To see this, we analyze the motion of the particle. It starts at the point
(1,4) when = —1. As tincreases from —1 to 0, the x-coordinate increases to 2, and
the y-coordinate decreases to 1. Thereforethe line segment from (1, 4) to (2, 1) (AB
in Figure 16) is traced for —1 =¢=0. Then, as ¢ increases from 0 to 2, x decreases to
—2, and y increases to 13 (BC of Figure 16). We conclude that C is the line segment
ABC with endpoints (=2, 13) and (2, 1). Segment AB of C is traced once in each
direction. <«

In Example 15, we eliminated the parameter ¢ to deduce that the para-
metric curve C is the graph of a Cartesian equation. Although this method is often useful,
it is not always possible to eliminate the parameter. When we do eliminate the parameter
as an aid in sketching the curve, we should not neglect the information that the para-
meterization carries.
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Example 14 shows that a parameterized curve is not necessarily the graph of a
function. However, we can always think of the graph of a function f:§ — T as a
parameterized curve—we simply use the parametric equations x = s, y = f(s) with §
as the domain of the parameterization. This idea allows us to use a graphing
calculator or computer algebra system to graph the inverse of an invertible function
f that has domain S. To do so, we plot the parametric equations x = f(s) and y = s
for s in S. These equations do the job because the coordinates of any point (x,y)
on the parametric curve satisfy y=s=f"'(f(s)) =f'(x). Notice that it is not
necessary to find an explicit formula for f~! to use this technique.

» EXAMPLE 16 Let f:[0,1] »[1,3] be defined by f(s)=s"+s+1,
0 =s=1. Sketch the graph of the inverse function f .

Solution The function f~! maps the interval [1,3] to [0,1] (see Figure 17). The
command in the caption for Figure 17 shows how to plot an inverse function using
the computer algebra system Maple. <«

—_

If g(x) = (2x + 1)/(3x + 4) for x >0 and f(x) = 1/x for x>0, what is (gof)(x)?

2. Thle function f:[1,00) — (0,1/2] defined by f(x) = x/(1 + x?) is invertible. What is
2

3. How do the graphs of f(x) = x> +2 and g(x) = (x — 1)* + 4 compare?

4. Does either of f(x) = (x* + 1)/(3x* + 5) or g(x) = x*/(3x* + 5) have a graph that is
symmetric with respect to the y-axis? With respect to the origin?

5. Describe the parametric curve x = [f| +¢£, y=2¢f, —1=¢=1.

Answers

1. (x+2)/(4x+3) 2. (1++/1—4y2)/(2y) 3. The graph of g is obtained by
shifting the graph of f 1 unit to the right and 2 units up. 4. fis symmetric
with respect to the y-axis; g is symmetric with respect to the origin. 5. The

vertical line segment from (0,—1) to (0,0) followed by the line segment from
(0,0) to (2,2).

y
fs) = S +s+1
2_-
f71
0 é T

plot ([s, f(s),s = 0..1], view = [0..3,0..3],
scaling=constrained, color = GRAY);

-
Figure 16

21 X .
' ' ' ' plot([f(s),s,s = 0..1], view=[0..3,0..3],
1 2 scaling = constrained, color = BLUE);
Figure 17
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EXERCISES

Problems for Practice

Let F(x) =x*+5, G(x) = (x + 1)/(x—1), and H(x) =2x—5.
In Exercises 1—-10, calculate the value of the given function
at x.

F+G

F—3H

G-H

H-G
H-F—HoF
GIF

FoGoH
HeF—F-H

. G+ (1/G)

. HoHoH—H-H

R L N

it
<

In Exercises 11—14, write the function 4 as the composi-
tion & = g f of two functions. (There is more than one correct
way to do this.)

11. h(x) = (x — 2)?
12. h(x)=2x+7
13. h(x) = (x* + 3x)*
14. h(x) =3//x

In Exercises 1518, find a function g such that h =gof.

15. h(x) =3x*+6x +4, f(x) =x+1

16. h(x)=x*+4, f(x)=x—1

17. h(x) = (&> + D/(x* + 267 +3), f(x) = x> + 1
18. h(x) =20 +x—¥/x + 1, f(x) = /x

Let f(x) =v2x + 35, and g(x) =x~ . In Exercises 1922,
calculate the given expression.

19. (f-g)(1/8)
20. (g°1)(2)

L f2(11)-g°(54)
22. (g-8)(512)

In each of Exercises 23—26, write the given polynomial as
a product of irreducible polynomials of degree one or two.

23. x> +4x-5

24. x>+ x*—4x—4

25. x* +2x°—2x%*—8x—-8
26. x*+3x>+2

In each of Exercises 27—38, a function f:S — T is speci-
fied. Determine if fis invertible. If it is, state the formula for
f!(¢). Otherwise, state whether ffails to be one-to-one, onto,
or both.

27. S=[0,0), T=[1,00), f(s) =s*+ 1
28. §=[0,2], T=[-1,1], f(s) = (s—1)*

29. §=1[0,1], T=1[0,2], f(s) =s*>+s

30. S=(0,00), T=(1,0), f(s) =s*+1

3. S=[-2,5), T=[-35 98) f(s)=5>-27
32. S=R, T=R, f(s) =s*—2s

33. §=(4,0), T=(1,16/15), f(s) = s*/(s*—1)
34. S=[0,1], T=1[0,1/2], f(s) = s/(s + 1)

35. §=(1,6), T=(2,3), f(s) =Vs+3

36. 5 =(1,4), T=(4,5). f(5) = V5 +3
37. S=[1,00), T=(0,1], f(s) = 1/(s* +1)
38. S =(0,00), T=(0,1], f(s) = 1/(1 + 5%

39. Examine the graphs in Figure 18 and determine which
represent invertible functions. If the graph represents an
invertible function, draw a graph of the inverse.

In Exercises 40—43, two functions f and g are given. Find a
constant / such that g(x) = f(x + k). What horizontal trans-
lation of the graph of f results in the graph of g?

40. f(x)=2x+1, g(x)=2x+5

41. f(x) =1-3x, g(x) =7-3x

2. f(x)=x*+4, g(x)=x*—6x+13
43. f(x) =V1—x?%, g(x) =V2x —x?

In Exercises 44—47, two functions f and g are given. Find
constants £ and k such that g(x) = f(x + k) + k. Describe the
relationship between the plots of f and g.

4. f(x)=x% gx)=x*>+2x+5

45. f(x) =3x%, g(x) =3x"+ 12x

46. f(x)=V1—-x%, g(x)=1+V2x —x?
47. f(x) = (x +3)/x, g(x) = —x/(x + 3)

In Exercises 48—52, describe the curve that is the graph of
the given parametric equations.

48. x=7,y=~+1,-1=r=2
49. x=2t+1,y=6t—4

50. x=1/t,y=3,0<t=1

51 x=127+1,y=2t
52.x=1(1+FA),y=1+7

Further Theory and Practice

53. If p and g are nonzero polynomials, express the degree
deg (p - q) of p- g in terms of the degrees deg (p) and deg
(q) of p and ¢q. Do the same for deg (p-q). Is deg(p - q)
always equal to deg(q-p)? What is the relationship of
deg(p = q) to deg(p) and deg(g)?

54. Find all polynomials p such that (p - p)(x) = x. Hint: What
degree must p have?

55. Suppose p(x) is a polynomial of degree n>1. Let
I(x) = x, and define f=p o (I + p). What is deg (f)? How
are the roots of p related to the roots of f? Show that
there is a polynomial g such that f= p o q. Illustrate with
p(x) =x*—3x—4.
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56. A function that is a quotient of polynomials is called a

57.

58.

59.

60.

rational function. Every rational function can be written
in the form f(x) + g(x)/h(x), where f, g, and h are poly-
nomial functions, and the degree of g(x) is strictly less
than the degree of h(x). Write (3x°+2x*—x?+6)/
(x*~x +3) in this form.

An affine function f : R—R has the form f(x)=ax + b,
where a and b are constants. Prove that the composition
of two affine functions is affine and that the inverse of an
invertible affine function is affine.

If f:S — T is a real-valued function, and c is a constant,
let f+c¢ be defined by (f+c)(x)=f(x)+c. State the
domain and range of f+ c. Show that if f is invertible,
then f+ c is invertible. What is the relationship between
(f+c¢) tand 12

Prove that if f:(a,b) — (c,d) and g:(c,d) — (o, 3) are
invertible, then g o f is invertible.

Let P=(s,f) be a point in the xy-plane. Let P’ = (z,s)
Calculate the slope of the line ¢ that passes through P
and P’ Deduce that ¢’ is perpendicular to the line £ whose
equation is y =x. Let Q be the point of intersection of ¢
and ¢ Show that P and P’ are equidistant from Q. (As a
result, P and P’ are reflections of each other through the
line y = x.

In Exercises 6164, find a function g such that gof= h.

6l. f(x)=x+1, h(x)=x*+2x+3

62. f(x)=2x+3, h(x)=(x +5)/(x—5)
63. f(x)=x*—9, h(x) = 2x*
64. f(x) = (x — 1)/x?%, h(x) =x*/(x — 1)

63

In Exercises 6568, find a function f such that gof= h.

65. g(x)=x*+2, h(x) =x*—8x + 18

66. g(x) = (x—1)/(x + 1), h(x) = x*/(x* +2)
67. g(x)=x>+1, h(x) =x*

68. g(x) =4x+5, h(x) =8x

In each of Exercises 69—72, find a function f whose graph

is the given curve C.

69. Cis obtained by translating the graph of y = x* to the right

by 3 units.

70. C is obtained by translating the graph of y = x* + 2x down

3 units and 2 units to the right.

71. C is obtained by reflecting the graph of y= (x> +1)/

(x* + 1) about the y-axis.

72. C is obtained by reflecting the graph of y=(x+1)/

(x*+ 1) about the origin.

73. Let f(x) = x” for some fixed power p. Is it ever true that

fef=fp

74. What composition property of the function f(x) = (1—x)/

(1 +x) is illustrated by Figure 19?

75. Let f(x) =x°, I(x) =x, and p(x) =7 for all x. Find func-
tions o, P, and X such that pof=p, folh=p,pef=I1+p

and fox=1+p.
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Let 7 be the collection of functions of the form
ax+b
X
cx+d

7.

78.

79.

with ad—bc =1. (These functions are called linear frac-
tional transformations.) Show that the composition of two
functions in 7 is also in 7. By setting a=d=1 and
b=c=0, we see that the identity function I(x) =x is in
7. Show that every function in 7 has an inverse that is
also in 7 and that is obtained by swapping a and d, and
negating b and c.

Let
2x  if x €(0,3]
fx)=q¢12-2x ifxe(3,6].
0 ifxe(0,6]

Graph f. Notice that fis a one-tooth function. Show that
fofis a two-tooth function. Graph it.
If & is a fixed positive number, then the function r defined

1 = L) e by

measures the average rate of change of f over the interval
[x—=h/2, x—h/2]. Tf f(x)=mx+ b, then what is r(x)? If
f(x) = ax* + mx + b, then what is r(x)? Show that if fis a
polynomial of degree n, then r is a polynomial of degree
n—1.

Let p be a positive constant. Find functions F, G, and H
that allow you to express the power law for logarithms,

logo(x”) = p - logyg(x),
and the addition law for logarithms,

log,y(p - x) =log;o(p) +log,(x),

in the form log;go G = Felog;g and log;o° F = H -logy,
respectively.

In Exercises 80—83, describe and sketch the curve that has
the given parametric equations.

80. x=27+r-1,y=t+1

81. x=7, y= £

82. x= 310g10([), y= SIOg]O(I)
83. x =log;o(t)/10g10(2), y =3¢

84. Suppose A = (x1,y1) and B = (x,,y,) are any two distinct
points in the plane. Let

() =(1—1)-x1+t-x
) ==t -yi+t-y

Show that x=¢(t), y=¢(), 0=t=1, is a para-

meterization of line segment AB.

85. Let S(x) = —x. Express the property that f is an even
function by means of the composition of S and f. Express
the property that g is an odd function by means of the
composition of S and g.

86. Let p be any polynomial.

a. Show that

i. g(x) = (p(x) + p(—x))/2 is an even polynomial, and
ii. r(x)=(p(x)—p(—x))/2 is an odd polynomial.
Because p =g + r, this shows that every polynomial
can be written as the sum of an even polynomial and
an odd polynomial.

b. Show that g contains only even powers of x, and r
contains only odd powers.

c. If p is even, deduce that the coefficient of each odd
power of x in p(x) is zero. If p is odd, deduce that the
coefficient of each even power of x in p(x) is zero.

d. If p is even, show that there is a polynomial s(x) such
that p(x) = s(x?).

e. If p is odd, show that p(0) = 0. Deduce that there is an
even polynomial #(x) such that p(x) = x - t(x).

Calculator/Computer Exercises

In Exercises 87—90, graph the curves C and C’ in the same
viewing window.

87. C={(x,y):y=+Vx%+2x+2};C’ is obtained by translat-
ing C to the right by 2 units and up by 1 unit.

88. C={(x,y):y =x°+2x}; C' is obtained by translating C
down 3 units and right 2 units.

89. C={(x,y):y=0(3+1)/(®+1)}; C s
reflecting C about the y-axis.

90. C={(x,y):y=(x+1)/(x*+1)}; C" is obtained by reflect-
ing C about the origin.

obtained by

In each of Exercises 91 and 92, two functions f and g with
common domain / are given. Plot the parametric equations x =
f(¥), y = g(¢) for t in I. Follow the accompanying directions.

91. f(r)=1*+1t+1, g(t)=r—t,I1=[—1,0]. Find the points for
which y =18x/25 and the values of the parameter that
correspond to these points.
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9. f(=r*+r+1,g(t)=1F—2t, I=[—7/4,3/2]. A point P is In Exercises 93 and 94, graph the inverse function of the
a double point of a parametric curve if there are two given function f. Do not attempt to find a formula for £ .

values of ¢ in I such that P = (f(t),g(¢)). Find the double
point of the given curve and the two values that para-

meterize that point.

93, f(x)=x"-3 +x*+6x—8,0=x=2
94, f(x)=x>-3x>+3x,0=x=1

1.6 Trigonometry

Positive
0.1) angles

(1,0) X

Negative
angles

Figure 1 The unit circle

Sine and Cosine
Functions

When first learning trigonometry, we study triangles and measure angles in
degrees. In calculus, however, it is convenient to study trigonometry in a more
general setting and to measure angles differently.

In calculus, we measure angles by rotation along the unit circle in the plane,
beginning at the positive x-axis. Counterclockwise rotation corresponds to positive
angles, and clockwise rotation corresponds to negative angles (see Figure 1). The
radian measure of an angle is defined as the length of the arc of the unit circle that it
subtends with the positive x-axis (with an appropriate + or — sign).

In degree measure, one full rotation about the unit circle is 360°; in radian
measure, one full rotation about the circle is the circumference of the unit circle,
namely 27. Let us use the symbol € to denote an angle. The principle of pro-
portionality tells us that

degree measure of § _ radian measure of ¢
360° 2 '

In other words,

radian measure of = — . (degree measure of )

180

and

degree measure of 0 = 180 (radian measure of 0).
™

Figure 2 shows several angles that include both the radian and degree measures.
This book always refers to radian measure for angles unless degrees are explicitly
specified. Doing so makes the calculus formulas simpler. Thus for example, if we
refer to “the angle 27/3,” then it should be understood that this is in radian mea-
sure. Likewise, if we refer to “the angle 3,” it is also understood to be radian
measure. We sketch this last angle (see Figure 3) by noting that a full rotation is
2r=6.28..., and 3 is a little less than half of that.

Let A = (1,0) denote the point of intersection of the unit circle
with the positive x-axis. Let § be any real number. A unique point P = (x,y)
on the unit circle is associated with 6 by rotating OA by @ radians. (Remember
that the rotation is counterclockwise for >0 and clockwise for 6<0.)
(See Figure 4.) The resulting radius OA is called the terminal radius of 0, and P
is called the terminal point corresponding to 6. The number y is called the sine of
# and is written sin (f). The number x is called the cosine of # and is written
cos (6).
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Because the point (cos (), sin (6)) is on the unit circle, the following two fun-
damental properties are immediate:
(sin(#))* + (cos(9))*=1  for any 6 in R, (1.6.1)
and
—1=cos(d) =1and -1 =sin(d) =1 for any 6 in R.
It is common to write sin®(f) to mean (sin (6))* and cos?(#) to mean (cos (6)).
This is consistent with the notation for functions described in Section 1.5. Indeed,

sine and cosine are both functions; each has domain equal to R and image equal to
[—1,1].

> EXAMPLE 1 Compute the sine and cosine of 7/3

Solution We sketch the terminal radius and associated triangle (see Figure 5). This
is a /6 — 7/3 — /2 (30° — 60° — 90°) triangle with sides of ratio 1:1/3:2. Thus the
side-length x of Figure 5 satisfies 1/x =2, or x = 1/2. Likewise, the side-length y of
Figure 5 satisfies y/x = v/3, or y = v/3x = 1/3/2. It follows that

sin(73r>=\/§ and cos(ﬂ>=1. <



Figure 5
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If 6 is any number, then 6 and 6 + 27 have the same terminal radius and the
same terminal point (adding 27 simply adds one more trip around the circle—see
Figure 6). As a result,

sin (0) = sin (0 + 2)
and
cos () = cos (6 + 2m).

We say that the sine and cosine functions have period 27. In other words, the
functions repeat themselves every 27 units.

In practice, when we calculate the trigonometric functions of an angle 6, we
reduce it by multiples of 27 so that we can consider an equivalent angle ¢, called
the associated principal angle, satisfying 0 < 6’ <2x. For instance, 157/2 has asso-
ciated principal angle 37/2 (because 37/2 =157/2 —3-27) and —10x/3 has asso-
ciated principal angle 27/3 because 27/3 = —107/3 + 2 - 2.

How does the concept of angle and sine and cosine presented here relate to the
classical notion using triangles? Any angle 6 such that 0 <60 <#/2 has a right tri-
angle in the first quadrant associated to it, with a vertex on the unit circle such that
the base is the segment connecting (0,0) to (x,0), and the height is the segment
connecting (x,0) to (x,y) (see Figure 7). Therefore

y _ opposite side
1

sin(6) =y hypotenuse

and

adjacent side

=x=%=
cos(6) =x 1 hypotenuse

Thus for angles ¢ between 0 and 7/2, the new definition of sine and cosine using the
unit circle is equivalent to the classical definition using adjacent and opposite sides
and the hypotenuse. For other angles 6, the classical approach is to reduce to this
special case by subtracting multiples of #/2. The approach using the unit circle is
considerably clearer because it makes the signs of sine and cosine obvious.

y y
P=(X,y) (O,y)V*** (X,y)
/ sin(9)
[0 +2m Y | . O 1(x,0) | x
| ] —05 cos(8) ~ (1,0)/
\ / _0.5--
Figure 6 Figure 7
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— y = sec()

—_—y= 0
y = tan(f) —y = csc(f)

— y = cot(0)

Figure 8c

Figure 8b

In addition to sine and cosine, there are four other trigonometric functions—
tangent, cotangent, secant, and cosecant—defined as follows:

w0 3-8
o -
sec(f) = ;% - cos1 @)
cse(0) = % - sinl(e)

Whereas sine and cosine have the entire real line for their domain, tan (f) and
sec (#) are undefined at odd multiples of 7/2 (because cosine is zero there). Also,
the functions cot (#) and csc () are undefined at even multiples of 7/2 (because sine

is zero there).
Figure 8 shows the graphs of the six trigonometric functions. Compare the

graph of the cosine and sine functions. We obtain the graph of y =cos(6) by
shifting the graph of y =sin (6) by 7/2 to the left. According to Theorem 1 from
Section 1.5, this means that

sin (x + g) = cos (x).

This identity is a special case of the Addition Formula for the sine, which is given in
equation (1.6.4) in the next section.

> EXAMPLE 2 Compute all trigonometric functions for the angle § = 117/4.

Solution Because the principal associated angle is 37/4, we deal with that angle.
Figure 9 shows that the triangle associated to this angle is an isosceles right triangle
with hypotenuse 1. Therefore x = —1/+/2 and y = 1/+/2. It follows that
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sin(0) =y = %
cos(0) =x= —\L@
tan (0) :§= -1
cot(6) = )y-“ =-1
sec(f) =1 = -v2
csc(0) =§=\f2. <

Similar calculations allow us to complete Table 1 for the values of the
trigonometric functions at the principal angles that are multiples of 7/6 or /4.

Angle Sine Cosine | Tangent | Cotangent Secant Cosecant
0 0 1 0 undef 1 undef
/6 12 V3/2 1/V3 V3 2/V3 2
/4 V2/2 V2/2 1 1 V2 V2
/3 V3/2 12 V3 1/V3 2 2/V3
/2 1 0 undef 0 undef 1
27/3 V3/2 —-12 -3 -1/V3 -2 2/V3
3n/4 V2/2 -V2/2 -1 -1 —V2 V2
57/6 12 -V3/2 | —1/\V3 —3 -2/V3 2
T 0 -1 0 undef -1 undef
7rl6 -12 -V3/2 1/V3 V3 -2/V3 -2
Sm/4 —-V2/2 | —V2)2 1 1 -2 -2
4n/3 | —/3)2 -1/2 V3 1/V3 -2 -2/V3
37/2 -1 0 undef 0 undef -1
57/3 | —V3/2 12 -3 -1/V3 2 -2/V3
Trld | —V2/2 | V2)2 -1 -1 V2 -2
117/6 -1/2 V3/2 -1/V3 —/3 2/V3 -2

Table 1
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Trigonometric Identities  The trigonometric functions satisfy many useful identities. In addition to equation

(1.6.1) already stated, we will need the following important formulas:

1+ tan?(9) = sec? (6)
1+ cot? (A) = csc? (6)
sin (0 + ¢) = sin () cos (¢) + cos (0) sin(¢)  (Addition Formula)
cos (0 + ¢) = cos () cos(¢) —sin () sin(¢)  (Addition Formula)
sin (0 — ¢) = sin () cos (¢) — cos (0) sin(¢)  (Addition Formula)

cos (6 — ¢) =cos () cos(¢) +sin(f)sin(¢)  (Addition Formula)

sin (20) = 2sin (#) cos () (Double Angle Formula)
cos (26) = cos? () — sin* (6) (Double Angle Formula)
sin(— 6) =—sin(0) (Sine is an odd function)
cos(—0) = cos(0) (Cosine is an even function)
sin’ (g) = 1-cos(9) 020 s(6) (Half Angle Formula)
cos? (g) = Hcfos(@) (Half Angle Formula)

» EXAMPLE 3 Prove identity (1.6.2): 1 + tan® (6) = sec? ().
Solution Using identity (1.6.1), we have

cos? ()
_ 1
cos? ()
=sec’ (). <«

(1.6.2)
(1.6.3)
(1.6.4)
(1.6.5)
(1.6.6)
(1.6.7)
(1.6.8)
(1.6.9)

(1.6.10)

(1.6.11)

(1.6.12)

(1.6.13)

Identities (1.6.1)—(1.6.13) were known to the astronomer Hipparchus (ca. 180—
125 BCE). There are many other trigonometric identities of a more specialized

nature.
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Although the subject of trigonometry was invented by the ancient Greek astron-
omers for physical measurement, the trigonometric functions have proved to be
useful in many contexts. For example, because the sine function is cyclic with
period 27 (i.e., the sine function repeats itself after 2), it is often used to model
cyclic phenomena.

> EXAMPLE 4 The table shows the normal monthly mean temperatures of
St. Louis, Missouri, in degrees Fahrenheit.

Jan. | Feb. | March | April | May | June | July | Aug. | Sept. | Oct. | Nov. | Dec.

29 | 34 43 56 66 75 79 77 70 58 45 34

Model the mean temperature (7') as a function of time (¢) by using the equation
T{t)=b+Asin(w-t+¢) (1.6.14)

for suitable constants b, A, w, and ¢. Use one month as the unit of time. Locate the
origin of the time axis so that r = 0 corresponds to January 1, and ¢ = 12 corresponds
to December 31. Assume that, for each month, the actual temperature in the
middle of the month is equal to the mean temperature for that month. That is,
construct your model so that T(1/2) =29, T(3/2) =34, T(5/2) = 43, and so on.

Solution First observe that
sin (w(to + 27T> + ¢> = sin (wty + 27 + ¢) = sin (wty + ¢).
w
On setting t = + 2 in formula (1.6.14), we see that, for every value of 1,
27\ _ . 2w _ . _
Tlto+ = )=b+Asin(w-|(tp+ =) +¢|=b+Asin(w-ty+ ¢)=T(to).
w w

In other words, the function 7 repeats itself after 2z/w. This duration is called the
period of T. Because the period of weather is 12 when measured in months, we set
27/w =12, or w=7/6. Thus T(t) = b + Asin(7t/6 + ¢). To identify the values of A
and b, we note that b—A =T(f) =b + A (because —1 =sin(nt/6 + ¢) =1). Because
the least mean temperature is 29, and the greatest mean temperature is 79, we set
b—A =29, and b+ A =79. Solving these two equations simultaneously, we obtain
b =54, and A =25. Thus
T(t) =54 +2551n<76Tt+ ¢>.

To find the value of ¢, notice that the maximum value of sin(7#/6 + ¢) occurs when
the sine takes on its maximum value 1. That is, the expression sin(w#/6 + ¢) is
maximized when 7t/6 + ¢ = 7/2. Therefore the function 7(¢) is maximized when
7t/6 + ¢ = w/2. Looking at the table, we make the reasonable assumption that
this maximum is 79 and occurs in the middle of July, when ¢ =13/2. Thus we set
- (13/2)/6 + ¢ = 7/2. This gives ¢ = —7xn/12. Our model is

- in( T¢— 17
T(t)—54+2551n<6t 12).



72 Chapter 1

Basics

T - in(™ _LW)
T(t)—54+2551n(6z 0

80

01 2 3 4 5 6 7 8 9 10 11 12

Figure 10

Figure 10 shows how well this model fits the measured data. <«

1. What is the domain of the sine function?
2. What is the image of the cosine function?
3. Which trigonometric functions are even? Odd?

even: cos and sec; odd: sin, tan, cot, csc, 4. 2cos()

QUICK QU
4. Simplify sin (26)/sin (6).
Answers
1. R 2. [-1,1] 3.
EXERCISES

Problems for Practice

In Exercises 1—4, calculate each of the six trigonometric
functions at angle # without using a calculator.

1. 6=7/6
2. 0=r/4
3. §=2n/3
4. 0=4x/3

In Exercises 5—14, calculate the given expression without
using a calculator.

5. sin (7/3) sin (7/6)

. cos (0)—cos ()

. cos (1/6) + cos (/3)

. sin (7/4) cos (7/4)

. tan (7/3)/tan (7/6)

10. cos (27/3) csc (27/3)

11. sin (- sin (7/6))

12. sec (—n/3)scC™2)

13. sin (197/2)° 33

14. 4 tan (7/4) — sin (177/2)

N=2N= B B

In Exercises 15—-20, 6 is a number between 0 and 7/2.
Calculate the unevaluated trigonometric function from the
given information.

15. cos (0); sin (8) =1/3

16. tan (0); cos (0) = 3/5

17. sin (26); cos (0) = 4/5
18. sin (6/2); cos (0) =3/7
19. cos (0/2); sin (0) = 5/13
20. cos (6 + 7); cos(0) =0.1

In Exercises 21—24, state which of the six trigonometric
functions are positive when evaluated at 6 in the indicated
interval.

21. 6 € (0,7/2)
22. O e (n/2,7)
23. 0 e (n,37/2)
24. 0 € (37/2,27)

In Exercises 25—28, graph the function.

25. f(t) =sin (2t), 27 <t =27
26. f(t)=cos (12), 2r=t=2mw



27. f(t) =sin (t—7/6), 0=t =27
28. f(f)=cos (2t +7/3),0=t=2rx

In Exercises 29—31, use the cosine and sine functions to
give a parameterization of the unit circle such that the domain
of parameterization is [0,27) and the additional requirements
are satisfied.

29. The initial point is (1,0), and the circle is traced coun-
terclockwise as the parameter value increases.

30. The initial point is (0,1), and the circle is traced coun-
terclockwise as the parameter value increases.

31. The initial point is (0, 1), and the circle is traced clockwise
as the parameter value increases.

Further Theory and Practice

32. For each 0 in {0, 7/6, n/4, 7/3,7/2}, find an integer value of
n such that sin(0) =/n/2 (The pattern found in this
exercise is sometimes used as a memory aid.)

33. The length s(r,0) of an arc of a circle that subtends a
central angle of radian measure 6 is proportional to the
radius r of the circle and to . What is s(r, 6)?

34. For a circle of radius r, the area A(r, ) of a sector with
central angle measuring 6 radians is jointly proportional
to 0 and to r*. What is A(r, 0)?

35. The equations sin (26) =sin(f)cos(d) and sin(260) =
2sin (A) cos (0) are fundamentally different. Explain why.

36. Find constants A and B such that

sin (36) = A sin (0) — Bsin®(f)
for every 6.

In Exercises 37—44, use one or more of the basic trigo-
nometric identities to derive the given identity.

tan (0) +tan(¢)

—tan (6)tan(¢)
cos(0 —¢) —cos(0+ ¢)
cos (60— ¢>)2+ cos (0 + ¢)

37. tan(0 + ¢) =

38. sin(0)sin(¢) =

39. cos(6)cos(¢) =

2
sin (6 + @) +sin (6 — ¢)

40. sin (0)cos(¢) =

41. sin () = cos (g - 6)

42. sin (6 + 7) = —sin (9)
43. cos (0 + 7) = —cos ()
44. tan (0 + 7) = tan (0)

45. Use the identity 7/3 + /4 =7n/12 to calculate the six
trigonometric functions at 77/12.

46. Use the Half Angle Formulas to evaluate the six trigo-
nometric functions at /8.

In each of Exercises 47—50, derive the given identity by
using the identities in Exercises 38—40.
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47. sin () +sin(¢) = 251n( %) cos (‘9 %)
48. sin (0) — sin (¢) = 2cos (239 sin (*52)
49. cos(f) + cos(¢) = 2cos(9+o) cos (159

(
50. cos () — cos(¢) = —251n(9+")sm(‘92")

51. Suppose that A and B are constants. Use the Addition
Formula for the sine to find an amplitude C and a phase
shift ¢ (both in terms of A and B) such that

Acos () + Bsin(0) = Csin (6 + ¢)

for every 6.

52. Let y =mx + b be the equation of a nonhorizontal, non-
vertical line. Such a line intersects the x-axis making an
angle ¢ with the positive x-axis that has radian measure
between 0 and 7. What is the relationship between m and
¢? Can this relationship, suitably interpreted, be extended
to vertical or horizontal lines? Why is ¢ independent of b?

53. The angle of elevation of a point above the earth is the
acute angle between the horizontal and the line of sight.
Suppose two points on the earth’s surface have distance ¢
between them. Line ¢ is small enough for us to assume
that the earth is flat between the two points. Suppose that
0 and ¢ are the angles of elevation of a mountain peak
relative to these two points (see Figure 11). Show that the
height & of the mountain is given by

y4
|cot (0) — cot ()|

Suppose that a and b are positive constants. In Exercises
5457, identify the curve that is parameterized by the equa-
tions. In each case, use a trigonometric identity to eliminate
the parameter. (It may help to consider the special case
a=>b =1 first.)

\
Figure 11

|

54. x=acos (), y=>bsin(0), 6 € [0,27]

55. x=acos (¢), y =bsin*(6), 0 € [0, 7]
56. x =asec (), y=btan(0), 6 € [0,7/2)
57. x=atan(f), y =bcot(d), 0 € (0,7/2)
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58. Suppose that & and k are constants and that a and b are
positive constants. Parameterize the ellipse with center
(h,k) and semi-axes a and b parallel to the x-axis and
y-axis.

A function fis said to have period p if there is a smallest
positive number p such that f(x + p) = f(x) for all x in the
domain of f. In Exercises 59—63, find the period of the
function defined by the given expression.

59. sin(x + v/3)

60. cos (27x)

61. tan (x)

62. sin (x) + tan (x)
63. tan (2x) + sin (3x)

64. The lowest monthly normal temperature of Philadelphia
is 31°F and occurs in January. The highest monthly nor-
mal temperature of Philadelphia is 77°F and occurs in
July. Find a model of temperature 7 as a function of time
t that has the form 7(¢) = b + A sin (wt + ¢).

65. The lowest monthly normal temperature of Nome is 4°F
and occurs at the end of December (¢ = 12). The highest
monthly normal temperature of Nome is 51°F and occurs
at the beginning of July (t=6). Find a model of tem-
perature T as a function of time ¢ that has the form 7(¢) =
b + Asin (wt + ¢).

66. The number of visitors to a tourist destination is seasonal.
However, the long-term trend at this particular destina-
tion is down. A model for the number of tourists y as a
function of time ¢ measured in years is

_ 42+ cos(2mt)

Here t=0 corresponds to a time at which there were
150,000 tourists. Is y a periodic function of ¢? (Refer to
the instructions for Exercise 59 for the definition of
“period.”) Sketch the graph of y as a function of ¢ for
0=t=4. From the sketch, y has local maxima at
t=1,2,3, and so on. Define in your own words what the
statement “a local maximum of y occurs at #,” means.
67. A polygon is regular if all sides have equal length. For
example, an equilateral triangle is a regular 3-gon (tri-
angle) and a square is a regular 4-gon (quadrilateral). A
polygon is said to be inscribed in a circle if all of its
vertices lie on the circle.
a. Show that the perimeter p(n,r) of a regular n-gon
inscribed in a circle of radius r is

p(n,r) =2rnsin (%)

b. Show that the area A(n,r) of a regular n-gon inscribed
in a circle of radius r is

A(n,r)= %rznsin <2n—77)

Calculator/Computer Exercises

68. Graph y =1-—cos(2x) and y =sin(x) in [0.2,1]X][0,1.5].
Successively zoom in to the point of intersection to find a
value xo e (0.2,1) that satisfies 1 —cos(2xp) = sin (xo).
Give x to three decimal places. What is sin (x() to three
decimal places? Use a trigonometric identity to find the
exact value of sin (xg).

69. Calculate the values of the sequence a,, = n -sin (1/n) for
1=n=15. Now calculate a, for larger values of n by
setting n = 10* for 1 =< k =< 6. There is a number ¢, which is
called the limit of a,,, such that ¢ — a,, decreases to 0 as n
increases to infinity. What is £ Now plot f(x) = sin (x)/x
for 0 =x = 1. Explain how the limiting behavior of a,, can
be determined from this graph.

70. Calculate the values of the sequence a,, = n” - (1 — cos (1/n))
for 1 =n=15. Now calculate q,, for larger values of n by
setting 7 = 10* for 1 =k =4. There is a number ¢, which
is called the limit of a,, such that ¢ —a, decreases to
0 as n increases to infinity. What is ¢? Now plot f(x) =
(1—cos (x))/x* for 0<x=1. Explain how the limiting
behavior of a,, can be determined from this graph.

71. Graph f(x)=90x +cos(x) in the viewing windows
[—10,10] X [—-1000, 1000] and [—0.0001,0.0001] X [0.5,1.5].
Explain why the graph of f appears to be a straight line in
each of these windows. Which straight lines do these
graphs appear to coincide with? Sketch the graph of the
function f'in a way that better displays its behavior.

72. In later chapters, we will investigate the approximation of
complicated functions by simpler ones. For instance, the
function x—x is a good approximation to the function
x> sin (x) cos (x?) for |x| sufficiently small. Use a graph-
ing utility to find an interval on which x approximates
sin (x) cos (x?) with an absolute error of at most 0.01.

73. The monthly normal temperatures in degrees Fahrenheit
for Raleigh, North Carolina, are 40, 42, 49, 59, 67, 74, 78,
77, 71, 60, 50, and 42 (starting with January). Plot these
temperatures. Find and plot a continuous model.

Cosine waves are functions of the form x+ A cos (vx + ¢)
where A is the amplitude of the wave, v the frequency, and ¢
the phase shift. The physical superposition of two waves is
obtained mathematically by adding the two wave functions.
Exercises 74—76 concern the superposition of cosine waves.
The identities from Exercises 49 and 50 are particularly useful
in this context.

74. For ¢ =0, #/3, 2x/3, and 37/2, graph the superposition
x> cos (2x) + cos (2x + ¢), 0 = x =2x. Each of these four
curves is the graph of a wave of the form x+— A -cos
(2x + 6) for some amplitude A and phase shift 6, each
depending on ¢. Use your graph to determine A and 6
when ¢ =27/3. Use the identity from Exercise 39 to
obtain a formula for A and 6. Calculate the magnitude of
the superposed wave at x =2 for the four given values
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76.

of ¢. Each of these signals is less than 1.5. For what value
of ¢ is the magnitude of the superposed wave at x =2 as
large as it can be?

Suppose that vy and v, are both large compared with
their absolute difference |v;—v,|. The superposition
t—cos (vy - 1) + cos (v, - t) might be described as a high-
frequency cosine wave in which the beats have low-
frequency amplitude modulation. Use Exercise 49 to
express the superposition in the form A(f)-cos(w-t)
where the frequency w is about the same size as the
individual frequencies v; and v, and where the amplitude
A(t) of the beats varies in time according to a low-
frequency cosine wave. Illustrate with the graph of the
superposed wave for v; =8 and v, =6. What is w in this
case? Add the graphs of *£2cos (¢) to your figure. What is
the frequency of the modulated amplitude?

An amplitude modulation (AM) radio transmitter
broadcasts an audio tone (or baseband signal) cos (v -t)
by modulating the amplitude of a very high-frequency
carrier signal A-cos(w-f) by a positive factor
(1 +m-cos(v-t)), where the modulation index m is less
than 1. Thus the emitted signal has the form

St)=A-(1+m-cos(v-t))cos(w-1).

a. Use the identity from Exercise 49 to express S(¢) as a
superposition of three cosine waves. The largest and
smallest frequencies of these three waves are called
sidebands.

b. Set A=1,m=1/2,v=2, and w=8. Graph the signal
S(¢r) and envelopes *(1 +m-cos(v-1)) for 0 =r=2m.

Number Systems
(Section 1.1)

Summary of Key Topics 75

Explain how the sidebands can be determined visually
from your graph.

c. Suppose that vy, <w is the highest baseband fre-
quency. The largest and smallest frequencies broad-
cast are called the upper and lower sidebands. What
are they in terms of w and vy,.? Their difference is
called the bandwidth.

d. Carrier frequencies for AM radio range from 550 kHz
(kilohertz), or 550X 10° cycles per second, to
1610 kHz. Typically, vpyax can be as high as 15 kHz. An
AM receiver works by recovering the audio source
cos (v - t) from the received signal S(¢), a process known
as demodulation. Demodulation requires that the
bandwidths of different radio stations that broadcast to
the same location not overlap. What must the mini-
mum frequency separation between the carrier signals
of two such stations be?

77. Snell’s inequality, discovered in 1621, states that

= tan(é) —i-Zsin(é)7

for 0 <t<372. An even older inequality,

3sin(z)
2+cos(t)
for all >0, was obtained in 1458 by Nicholas Cusa

(1401—1464). Graphically illustrate each inequality for
0<r<0.01.

Summary of Key Topics in Chapter 1

In calculus, we deal with the three types of real numbers:

1. Terminating decimal expansions

2. Nonterminating decimal expansions that, after a finite number of terms, repeat a
single block of terms endlessly

3. Nonterminating, nonrepeating decimal expansions

The first two types are rational numbers, and the third type consists of irra-

tional numbers.

Sets of Real Numbers
(Section 1.1)

Sets of numbers are usually described with the notation {x: P(x)} and are graphed on
a number line. Often a set is described by inequalities that must first be solved before

the set can be easily sketched. The most frequently encountered sets are intervals:

(a,b)={x:a<x<b}
[a,b]={x:a =x = b}
[a,b)={x:a = x<b}
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Points and Loci in the
Plane (Section 1.2)

Lines and Their Slopes
(Section 1.3)

(a,b]={x:a<x = b}
(a, 0)={x:a<x}
[a,00)={x:a = x}

(~o0,a)={x:x<a}
(~o0,al={x:x = a}

(oo, 00)={x: —o0 <x< 0}

In the plane, points are located using ordered pairs of real numbers, (x,y). The
distance between two points (a1, b;) and (a,, b,) is given by the formula

d=1/(@—ar)’ + (br—b1)’.

In general, we are interested in graphing sets of points that are described by
equations. Such a graph is called the locus of the equation. For a given equation, a
point (x,y) is on the graph if and only if the numbers x and y satisfy the equation
simultaneously. An important instance is given by equations of the form

(x=h)’ + (y=k)* =r*

with 7> 0. Such an equation describes a circle with center (4, k) and radius r.

If ¢ is a line in the plane, and if (x1, y;) and (x5, y,) are points on ¢, then the slope of
¢ is given by the expression

Y2— )1

X2 — X1 '
Parallel lines have the same slopes; perpendicular lines have slopes that are
negative reciprocals. It takes two pieces of data to describe a line in the plane: a
point through which the line passes and the slope, or two points through which the
line passes, or two intercepts, or the slope and an intercept.

The equation for a line (except a vertical one) can always be obtained by

finding two expressions for the slope and equating them. The following are four
particularly useful forms of equations for lines.

1. The Point-Slope Form A line with slope m and passing through the point (xg, yo)
has equation

y=m(x —xo) + yo.

2. The Two-point Form A line passing through the points (xo,yo) and (x,y;) has
equation

_(Y1—™Xo
= | == | (x —x0) + yo.
y (Xl S > (x —xo0) +yo

3. The Slope-Intercept Form A line with slope m and y-intercept (0, b) has equation

y=mx +b.



Functions and Their
Graphs (Section 1.4)

Combining Functions
(Section 1.5)

Trigonometric
Functions
(Section 1.6)
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4. The Intercept Form A line with intercepts (a,0) and (0, b) where a and b are both
nonzero has equation

+

Q=
S =
Il
—_

5. The general linear equation Every line, vertical lines included, has equation
Ax+ By=D.

If S and T are sets, then a function is a rule that assigns to each element of S a
unique element of 7. We call S the domain of the function and T the range of the
function. In calculus, § and T are usually sets of real numbers, and functions are
usually described by formulas. Frequently, the formula is given, and it is up to
the reader to infer the domain and range of the function. The graph of a
function consists of all points (x,y) in the plane such that x is in the domain of f,

and y = f(x).

Most functions that we encounter are built up from simple functions by using
operations, such as addition, subtraction, multiplication, division, and composition,
on functions. Composition is the most subtle. If f and g are functions, and if the
domain of g contains the range of f, then we define (g f)(x) = g(f(x)). Care should
be taken not to confuse composition with multiplication.

A function f: S — T'is onto if for every ¢ in T, there is an s in S such that f(s) = ¢.
A function f: S — T is one-to-one if for every ¢ in T, there is no more than one s in
S such that f(s) =t If f is both one-to-one and onto, then there is a unique
function f ! with domain 7 and range S such that f(f~'(r)) = ¢ for every ¢ in T and
f~Y(f(s)) =s for every s in S. In this case, we say that fis invertible. The function
f~1is the inverse of f (and, symmetrically, fis the inverse of ).

Radian measure of an angle is related to the degree measure of an angle by the
formula

x radians = @degrees.
™

If 6 is a real number, let P (6) be the point of the unit circle cut off by rotating the
positive x-axis by 6 radians. The rotation is counterclockwise for # >0 and clock-
wise for §#<<0. We define cos(x) and sin(x) to be the abscissa and ordinate,
respectively, of P (). The other trigonometric functions are defined as quotients:
tan (x) = sin (x)/cos (x), cot(x) = cos (x)/sin (x), csc(x) = 1/sin(x), and sec(x)=1/
cos (x). There are many identities among the trigonometric functions, and most can
be derived from

cos? (0) + sin® () =1,
sin (0 + ¢) = sin (6) cos (¢) + cos () sin (),

and
cos (0 + @) = cos (0) cos (¢) — sin (6) sin (¢).
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In each of Exercises 1-8, express the given set as an
interval or union of intervals (possibly unbounded).

{x:|x+5]<6}
{x:|x=3|=7}
{x:x¥*-3x=0}
{x:|x +3|/x>5}
{x:2x +1)/|x| <4}
{x:x*<6+x}
{x:x—1=6/x}
{x:2x +1] > |x=3]|}

© NS UM B LN S

. What is the distance between the points (=3, —1) and
(9,—6)?

10. What is the distance between the points of intersection of
the line 4x—3y =12 and the coordinate axes?

11. What is the midpoint of the line segment between the
points (—3,—1) and (9,—6)?

12. What is the distance between the points of intersection of

the line y = 3x—5 and the parabola y = x*—9?

In each of Exercises 13—16, identify the type of conic
section whose Cartesian equation is given. Determine its
vertical and horizontal axes of symmetry and, if it is a circle or
parabola, its radius or vertex.

13. x> +y* + 2y =2x

14. 7/4 + 3x—x*—y =0

15. 9x* + 18x + 4y*—16y =11
16. y* +4y = 4x*

In each of Exercises 17—20, find the slope-intercept form
of the line ¢ determined by the given data.

17. ¢ has slope 3 and x-intercept 2.

18. ¢ is parallel to the line 2x—4y =9 and passes through
(_1’_3)'

19. Zisperpendicular to2x—2y = 1 and passes through (—1,—3).

20. ¢ passes through the points (1,—1) and (3,—-5).

In each of Exercises 21—24, use the given point P to write the
point-slope form of the line ¢ determined by the given data.

21. /s parallel to the line x + y/6 = 1 and passes through P =
(=2,1).

22. ¢ is perpendicular to the line 2x+y=1 and passes
through P=(-2,1).

23. ¢ passes through P = (—2,1) and has y-intercept 5.

24. ¢ passes through P = (1,6) and has x-intercept 2.

In each of Exercises 25—28, find the intercept form of the
equation of the line ¢ determined by the given data.

25. /¢ passes through (0,—3) and (4,0).

REVIEW EXERCISES for Chapter 1

26. ¢ is parallel to the line y=2-x and passes through
P=(2,3).

27. ¢ is perpendicular to the line 2y =x and passes through
P=(1,1).

28. ¢ passes through (1,5) and (3,1).

In each of Exercises 29—32, find the point or points of
intersection of the curves whose equations are given.

29. 2x—y=1landx+y=>5

30. x+2y=7and 3x+y=1
31. y=3x—5and y=x>-9

32. y=x*-3and y=1+2x—x*

In each of Exercises 33—40, find the domain of the func-
tion defined by the given expression.

33, (X —2x—2)/(x*—2x +2)
34. x/(1+1/x)

35. (x*—25)/(x—5)

36. (4—x?)12

37. 8+x°) 1P

38. Vx24+x—2

39. 1/(4 — V25— x2)

40. VO —x2/(1+Vx2—1)

In each of Exercises 4146, calculate f,, for 1 =n <>5.

41 f,=n/(n+1)
4. f,=1+(-12)"
43. f,=2"+2n

2+1/n
=
45. f,=1+2+4+...+2"*!
46. f,=1-2-3- - -(n+2)

In each of Exercises 4750, a sequence {f,} is defined
recursively. Calculate fs.

417. fl = 1’ fn =2fnf1

48. fl = 17 fn =n2_fn—1

49. f,=0,f,=2f,-1+n

50. fi=1, f,=1+2/(1+1/f,,—1)

In Exercises 51—60, calculate the given expression that is
constructed from f(x)=2x+3, gx)=1+x* and h(x)=
(1=x)/(1 + x).

51 f2(V%)

52. (f2—4g)(x)
53. (hog)(x)
54. (gof)(x)
55. (fog))(x)



56. (ho(2f))(x)
57. (fog")vx
58. (hoh)(x)

59. (f1e 1))
60. (fofof)(x)

In each of Exercises 61—64, fis an invertible function. The
domain S of fis given, as is the formula for f(s) for s in S. State
the domain T of ™! and a formula for f ~(¢) for ¢ in T.

61. S=[1,4], f(s)=1/(1 +s)

62. S=[1,00), f(s) =3s>—1

63. S=[0,1], f(s) =s* + 25 +2
64. S=(0,1), f(s) = (L +5)/(2 +5)

In each of Exercises 65—68, a noninvertible function f is
given. Determine whether f is onto but not one-to-one, one-
to-one but not onto, or neither one-to-one nor onto.

65. f:[—1,00) — (0,1], f(s) =1/(1 + 5%
66. f:[1,100] — [1,110], f(s) = s + logio(s)
67. f:[0,00) - [0,1], f(s) =s/(s + 1)

68. £:[0,2] = [0,2], f(s) =525 +2

In each of Exercises 69—72, state how the graph of g may
be obtained from the graph of f by a vertical translation, a
horizontal translation, or both.

69. f(x)=x% g(x) = (x +2)*>—1

70. f(x) = (x +1)/(x +2), g(x) = (x—1)/x
71. f(x) =x% g(x) =x*—6x

72. f(x) =x(x* +2), gx) =f(x +3)+3

In each of Exercises 73—76, a parametric curve with domain
of parameterization / is given. Describe and sketch it.

Review Exercises 79

T3 x=2+1,y=3t+2,1=[-2/3,-1/2]
74. x =3sin(f), y =3cos (t), [ = [—7/2,7/2]
75. x = cos> (1), y = sin? (¢), [ = [0, 7/2]

76. x=t| +t,y=t|—t, I=[-1,1]

Each of Exercises 77—80 concerns a right triangle with a
hypotenuse of length ¢ and legs of lengths a and b. Let A be the
angle opposite to the side of length a. From the given infor-
mation, calculate the six trigonometric functions of A.

77.a=3,b=2
78.a=12,b=5
79. b=3,c=+10
80. b=3,c=5

81. Let a be the radian measure of angle A of Exercise 78.
Evaluate the six trigonometric functions at a + #/2.

82. Let a be the radian measure of angle A of Exercise 80.
Evaluate the six trigonometric functions at o + 7.

In each of Exercises 83— 86, simplify the given expression.

83. tan (w/4)—cot(37/4)
84. sin (7/6) + cos (57/3)
85. csc (7/6) sec (3/4)
86. cot (7/3) cot (47/3)

In each of Exercises 87—90, use the given information
about the acute angle « to calculate the value of r.

87. sin () = 3/4,r =sin 2a)

88. tan (a) =1/2,r = cos (2a)

89. cos (a) =3/5,r =tan (2«)

90. sec(a) =3/2, r=cos 2a + 7/2)



DEVELOPMENT1

In this first chapter, we reviewed three fundamental
developments that underlie calculus: the real number
line, the mathematical notion of a function, and the
principles of analytic geometry.

Irrational Numbers and Successive
Approximation

The history of the real number line begins in the
Golden Age of ancient Greece. The first important step
came with the realization that not every number is
rational. Some time before 410 BCE, the followers of
Pythagoras (ca. 580—500 BCE) discovered that /2 is
irrational. The elegant argument outlined in Exercise
57, Section 1.1, is the earliest proof that has been pre-
served. It was recorded by Aristotle (384—322 BCE)
but is certainly older.

The mathematicians of ancient Greece devised a
number of methods for successively approximating v/2
and other irrational numbers. One of these algorithms
is based on finding integer solutions to the equation
x*—2y* =1 (see Exercise 56, Section 1.4). Archimedes
(ca. 287—212 BCE) used the same idea to approximate
V3 to six decimal places. He obtained his estimate,
1351/780, from the solution x =1351, y =780 of the
equation x*—3y*=1.

Equations of the form x*—D-y*=1, with D a
nonsquare integer, are called Pell equations, and
Archimedes seems to have had some expertise in their
solution. In 1773, a copy of a previously unknown
message from Archimedes to the mathematicians of
Alexandria was discovered in a German library. In his
letter, Archimedes posed a riddle concerning the
numbers of eight types of cattle. The key to the cattle
problem, as it has come to be known, is the solution
in integers of the Pell equation x*—4729494-y* =1. In
1880, A. Amthor obtained the least positive integer
solution to this Pell equation:

Xo = 109931986732829734979866232821433543901088049,

Vo = 50549485234315033074477819735540408986340,

which enabled him to show that the solution to the
cattle problem has 206,545 decimal digits. In 1981, a
Cray I supercomputer at the Lawrence Livermore
National Laboratory calculated this large number,
using about 10 minutes of computing time. The life
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span of the computer that solved this ancient problem
was only about a dozen years. Having been purchased
in the late 1970s for $19, 000, 000, it was auctioned off in
1993 for $10,000.

The Number =

The irrational number 7 also featured prominently in
the mathematics of the ancient Greeks. Archimedes
proved that, if A and C are the area and circumference
of a circle of radius r, then the ratios A/r* and C/2r are
the same constant 7. (It is not known who discovered
this fact or even when the discovery was made.)
Archimedes also approximated 7 to two decimal places
by deriving the inequalities 3 + 10/71 <7 <3 + 1/7. The
computation of the digits of 7 has attracted the interest
of mathematicians ever since. Sir Isaac Newton
(1642—1727), for example, calculated 7 to 15 decimal
places. By 1761, 113 digits of = were known. In that
year, the Swiss mathematician Johann Heinrich Lam-
bert (1728—1777) published a proof that = is irrational.
In 1806, Adrien-Marie Legendre (1752—1833) proved
the stronger result that 7 is irrational, and he con-
jectured even more.

A real number is said to be algebraic if it is a root
of some polynomial with rational coefficients; other-
wise, it is said to be transcendental. Every rational
number is algebraic, but an irrational number may be
algebraic or transcendental. For example, the irrational
number /2 is algebraic because it is a root of x*—2. At
the time Legendre ventured his conjecture, mathema-
ticians did not even know if transcendental numbers
existed. It was not until 1844 that Joseph Liouville
(1809—1882) established the existence of transcenden-
tal numbers. Thirty years later, Georg Cantor’s
(1845—1918) novel ideas about infinite sets put the
matter in a totally new light.

Using simple but original ideas, Cantor proved that
algebraic numbers can be put into one-to-one corre-
spondence with natural numbers and that transcen-
dental numbers cannot. We say that the set of algebraic
numbers is countable, or denumerable, because of this
property and that the set of transcendental numbers is
uncountable, or nondenumerable. In a very real sense,
Cantor proved that there are more transcendental
numbers than algebraic numbers. He did not, however,
show that any one particular number is transcendental.



Indeed, it is usually very difficult to show that a
given number is transcendental. In 1882, Carl Louis
Ferdinand von Lindemann (1852—1939) finally proved
Legendre’s conjecture that 7 is transcendental. Mean-
while, the digit hunters have continued their work. In
2002, a supercomputer at the University of Tokyo was
used to calculate more than 1.2 trillion digits of .

Zeno’s Paradoxes

The fundamental idea of calculus, that which distin-
guishes it from algebra and classical geometry, is the
infinite process. We have mentioned the algorithms by
which Greek mathematicians created infinite sequen-
ces, which tend to v2 and /3 in the limit. We have
discussed the manner in which Archimedes inscribed
an infinite sequence of regular polygons in a circle in
order to successively approximate its area and cir-
cumference. A number of other infinite processes have
been outlined in the exercises of Chapter 1. The idea is
not to actually perform an infinite number of opera-
tions but to see what results in the limit. That is the
essence of calculus. Although the mathematicians of
ancient Greece who originated these ideas were well
aware of the power of the infinite process, they were
also concerned with the logical difficulties that can
ensue.

Zeno of Elea (ca. 496—435 BCE) lived in the age of
Pericles. Little is known of Zeno’s life. As for his death,
it is written that Zeno was tortured and executed for his
part in a conspiracy against the state. Although the
original writings of Zeno have not survived, numerous
references to them have. Zeno is best known today for
four paradoxes—the Dichotomy, the Achilles, the
Arrow, and the Stade—that Aristotle retold.

According to the Dichotomy, “There is no motion
because that which is moved must arrive at the middle
before it arrives at the end, and it must traverse the half
of the half before it reaches the middle, and so on ad
infinitum.” Thus if a line is infinitely divisible, motion
cannot begin. The Achilles asserts that, given a head
start, a tortoise will not be overtaken by the runner
Achilles because Achilles must first reach the point Py
at which the tortoise started. In the time required for
Achilles to arrive at P, the tortoise will have advanced
to a point P,, which Achilles must reach before over-
taking the tortoise. By the time Achilles has run from
P, to P, the tortoise will have moved ahead to a point
P;, and so on, ad infinitum. The four paradoxes are
“immeasurably subtle and profound,” in the words of
Bertrand Russell. Aristotle called them fallacies but
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was not able to refute them. Indeed, it would be a long
time before mathematicians created a framework in
which they could undertake the infinite processes of
calculus free from such logical difficulties.

Analytic Geometry

After the decline of Greek civilization, mathematical
progress came slowly. The next significant contribution
to the foundation of calculus came in the 14th century
when philosophers in England and France attempted to
analyze accelerated motion. In doing so, the Norman
scholar Nicole Oresme (1323—1382) identified the real
numbers with a geometric continuum. After another
long hiatus, Francois Viete (1540—1603) further
demonstrated the power of geometrically interpreting
the real numbers. His work set the stage for the
development of analytic geometry by Pierre de Fermat
(1601—1665) and René Descartes (1596—1650).

Analytic geometry, as developed in the 17th cen-
tury by Fermat and Descartes, was the final break-
through that permitted the discoveries of calculus. The
crucial idea that the solution set of an equation such as
F(x,y) =0 can be identified with a curve in the plane
appeared in the Géométrie, which Descartes published
in 1637. In the words of Descartes, “I believed that I
could borrow all that was best both in geometrical
analysis and in algebra, and correct all the defects of
the one by help of the other.”

Descartes led something of a fugitive existence. He
left France for Holland, where he lived for most of his
adult life. Changing residence 24 times in 21 years, he
adopted the motto “He who hides well lives well.” In
1649, Descartes accepted an invitation to tutor Swe-
den’s Queen Christina in philosophy, but he died of
pneumonia soon after his arrival. The mortal remains
of Descartes had a macabre afterlife that mirrored his
transient lifestyle. Issues of religious affiliation led to an
initial burial in a Stockholm cemetery intended for
unbaptized children. Sixteen years later, a French
delegation was dispatched to repatriate the remains of
the country’s most distinguished philosopher. As the
journey was long, the coffin was short. The bones of
Descartes, minus the skull, returned home to a
sequence of burials in and disinterments from a
museum garden, the courtyard of the Louvre, and four
churches. In a chapel of the Church of St. Germain-des-
Pres, Paris, a marble slab bearing an 1819 inscription
marks the final resting spot. The skull of Descartes was
returned to France at a later date and is now in the
collection of the Musée de ’Homme in Paris.




82 Chapter 1 Basics

The Scientific Revolution

Prior to the 16th century, most scientific teaching in
Europe consisted of scholars passing a fixed collection
of theories and ideas to their students. These theories
were not to be questioned or analyzed—merely
learned. The method of experimentation and proof had
not yet become a universally accepted part of scientific
activity. Ancient authority ruled the sciences.

During the Age of Reason, a revolution took place.
The so-called rationalist movement in philosophy
demanded that new ideas be demonstrated or proved.
Descartes became one of the most influential expo-
nents of the movement. Today, the rationalist metho-
dology is universally accepted. When a calculus
instructor insists on proving assertions in class, it is
because of a deeply held conviction that students
should not simply learn facts by rote but should truly
understand the concepts being taught.

If the 16th century had brought a revolution in
scientific thinking, then the 17th century ushered in the
era of quantitative relationships. In The Assayer, Gali-
leo (1564—1642) published the manifesto of the new
science:

Philosophy is written in this grand book, the uni-
verse which stands continually open to our gaze. But
the book cannot be understood unless one first
learns to comprehend the language and read the
letters in which it is composed. It is written in the
language of mathematics and its characters are tri-
angles, circles, and other geometric figures.

Scientists now looked for functional relationships
between the variables of nature. Galileo determined
the distance an object falls under gravity as a function
of time. Johannes Kepler (1571-1630) discovered that
the time in which a planet orbits the sun is a function of
its mean distance to the sun (Kepler’s Third Law).
Christiaan Huygens (1629—1695) determined cen-
trifugal force as a function of radius and velocity,
providing a link between the laws of Kepler and Gali-
leo. Before the end of the 17th century, Newton for-
mulated the law of universal gravitation, demonstrating
that Kepler’s laws and Galileo’s law are but different
aspects of the same general phenomenon.

The realization that natural phenomena could be
expressed through functional relationships was not at
all limited to motion. The Dutch scientist Willebrord
Snell (1580—1626) found that the angle of refraction of

a ray of light is a function of the angle of incidence
(Snell’s law). Evangelista Torricelli (1608—1647)
demonstrated that the height of mercury in a vertical
tube is a function of atmospheric pressure. Robert
Boyle (1627—1691) postulated the functional relation-
ship among the pressure, volume, and temperature of a
gas. Robert Hooke (1635—1703) expressed the force
exerted by a spring as a function of its compression or
extension. The age of functions had arrived. Before the
end of the 17th century, calculus would be invented as a
tool to study these functions.

The Completeness Property of the Real
Numbers

Although scientific observation validated the phenom-
ena predicted by calculus, the new discipline quickly
came under serious criticism concerning the foundation
of the entire subject. Just as the ancient Greeks had
opened the door to Zeno’s paradoxes when they
admitted the infinite process, so had the mathematicians
of the 17th century set themselves up for a new set of
paradoxes by their lack of rigor in working with the real
number line. By the 1800s, mathematicians realized that
a deeper understanding of the real number system was
essential. Their focus turned to what we now call the
completeness property of the real numbers, which guar-
antees that there are no holes or gaps in the real number
line. Here is one way to describe the completeness of the
real numbers: If {/,} is a sequence of closed bounded
nonempty real intervals with each interval a subinterval
of its predecessor as in the diagram,

then there is at least one pointin R that is in every [,,. The
real number system satisfies this property and is com-
plete; the rational number system is not. An under-
standing of the role of completeness came about in 1872
thanks to several mathematicians, including Georg
Cantor, Julius Richard Dedekind (1831—1916), and
Karl Weierstrass (1815—1897). Although many further
discoveries would be made, by 1872 everything was in
place for a rigorous development of calculus, a subject
that was then already 200 years old.
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CHAPTEHR

Limit

The concept of limit is the basis for a solid understanding of calculus. We will
therefore spend an entire chapter studying limits before proceeding to calculus. The
notion of limit originated in Greece approximately 2500 years ago. It arose then
for many of the same reasons that we study limits in a modern calculus course: to
understand continuous motion and to measure lengths, areas, volumes, and other
physical quantities.

Consider a circle C of radius 7. We all learn in geometry that its area A is 772, and
its circumference Cis 277, but what exactly do we mean by the area and circumference
of a circle? Precise answers can be understood only in terms of limits.

One approach is to approximate the area and circumference of C by a region
with an area and perimeter that we do know. Figure 1 shows an equilateral triangle
P5 inscribed in C. We know the area and perimeter of the triangle Ps, but it is not a
very good approximation to the circle. We add sides, one at a time, to the inscribed
figure to create inscribed polygons with more and more sides of equal length. It
seems clear that the inscribed polygon is becoming closer and closer to the circle.
Figure 2 shows that the area inside the inscribed 6-gon is fairly close to the area of
the circle, and the area inside the inscribed 12-gon is extremely close to that of the
circle. When the polygon has one billion sides, we could not possibly draw a figure
illustrating the difference between the inscribed polygon and the circle, but there is

T~
C
A Figure 2a A 6-gon inscribed A Figure 2b A 12-gon inscribed
in circle C in circle C
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a difference. No matter how small the sides of the polygon become, the polygon
will have many small flat sides of equal length, even though the circle is round. It is
correct to say that, when the side length of the polygon is close to zero (that is,
the number of sides of the polygon is large), the area inside the polygon is close
to the area inside the circle. It is incorrect to say that the area of any approximating
polygon is equal to that of the circle.

The correct mathematical terminology is that, as the number of sides n tends to
infinity, the limit of the area A,, enclosed by the n-sided polygon P, equals the area
A inside the circle, and the /imit of the perimeter C, of P,, equals the circumference
C of the circle. We write these statements as

A= nlirrolo A, and C= nlini Cae (2.0.1)

For another application of the /limit concept, suppose that we view a training film of
a runner. The film shows elapsed time and distance markers that allow us to measure
the distance s(¢) the athlete has run in any given time ¢. It is easy to compute the average
speed of the runner between any two points: Simply divide the total distance run by the
total elapsed time. However, the speed of the runner will vary from one instant of time
to another. How can the runner’s speed v(c) at a given instant of time ¢ be calculated?
For any value ¢ > c, the average speed of the runner in the small time interval [c, f] is

s(t) —s(c)

t—c

For ¢ close to c, this will give a good approximation to v(c) because the runner’s
speed does not change much in the small time interval [c, t]. If we press this point
further, then we intuitively arrive at the concept of instantaneous velocity at c:

v(c) = lim w (2.02)

As we will see, equations (2.0.1) and (2.0.2) actually serve to define the concepts
of area, circumference, and instantaneous velocity. These examples convey an
important idea: The concept of /imit involves a variable that approaches arbitrarily
close to a number but does not actually reach it. In equation (2.0.1), the natural
number n can get arbitrarily large, but it is never actually equal to infinity. In equation
(2.0.2), the number ¢ cannot actually be equal to ¢ because that would result in the
meaningless fraction 0/0. The key is first to understand exactly what is meant by the
limits in these equations and then to learn methods for computing them.

The purpose of this chapter is to give a precise meaning to the concept of limit.
That having been done, much of the rest of this textbook concerns ways to calculate
limits. Indeed, the notion of limit is used in a fundamental way in each of the
remaining chapters.
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2.1 The Concept of Limit

This section includes a number of examples that informally explore the idea of
limit. The understanding of limits gained by reading this section is intuitive, but it is
adequate for most purposes in calculus. Section 2.2 presents a precise formulation
of the limit concept.

Informal Definition of Limit

Let f be a real-valued function that is defined in an open interval to the left of a real number ¢ and in an open
interval to the right of ¢c. We say, “f(x) has the limit ¢ as x tends to ¢,” and we write

lim f(x) = ¢,

X—C
if the values f(h) are close to ¢ when x is close to, but not equal to, c. As an alternative, we sometimes write

f(x)—¢ as x—c

and say “f(x) tends to ¢ as x tends to ¢” (see Figure 1).

The value f(c)
plays no role in the definition
of the limit of f(x) as x tends
to c. We do not even assume
that fis defined at c. Indeed,
a definition of “limit” that
required f to be defined at ¢
would not be relevant to many
important applications. Even
when f(c) is defined, the value
f(c) does not have to be
related to lim,,. f(x) in any
way. In a sense, lim,_ . f(x) is
what we anticipate that f(x)
will equal at x = ¢, not
necessarily what f(x) actually
equals when x =c.

>

> EXAMPLE 1 Letf, g, and & be the three functions defined by

2 ift+£0

f(ty=~forallt, g(t)=rforallt#0, and h(f)=
1 ifr=0

Discuss the limits of f(z), g(¢), and h(t) as t approaches 0.

Solution When |t| <1, we have 1> = |t| - [t| <1 - |t| = |¢|. Thus, when || is less than 1
(as is ultimately the case when ¢ approaches 0), the number f(r) = £ is even closer
to 0 than |¢| is (see Figure 2). We conclude that, as ¢ approaches 0, so does f (). We
write this as lim,_(f(¢) = 0.

Next, we consider g. The fact that 0 is not in the domain of g does not affect
whether g(¢) has a limit at ¢ = 0. For t#0, we have g(r) = #*, and our calculation of
the limit of f(¢) at =0 allows us to conclude that lim,_og(¢) = lim,_,¢* = 0.

Finally, we turn to the function 4. The definition of “limit” tells us that the
equation 4(0) = 1 has nothing to do with the existence or value of lim,_,( 4 (). When

fx) I
! 0.8+

) ,
i : | L
1) /\/\ 04f
| L

-1.0 =05 05 1.0

Figure 1 f(x) has the limit £ as x tends to ¢ Figure 2
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-1.0 -05

Figure 3a lim,_f() =0

In Example 2,
we used the plausible idea that
the limit of a sum or difference
is the sum or difference of the
limits, the limit of a product is
the product of the limits, and
the limit of a quotient is the
quotient of the limits (as long
as we do not divide by zero).
These limit properties are
treated in more detail in
Section 2.2.

One-Sided Limits

Cc

Figure 4 lim,_ . f(x) = (g,
lim,_, - f(x) %3

-1.0 -05 T 05 1.0

Figure 3b lim,_(g(z) =0

-1.0 -05 1 05 1.0

Figure 3c lim,_0h(t) =0

t is near 0 but unequal to 0, we have h(r) = 2. Therefore lim,_oh(t) = lim,_ o> = 0.
Figure 3 illustrates the three limits that we have calculated. <«

> EXAMPLE 2 Let f(x) = (x> — 6x + 6)/x. Evaluate lim,_5f(x).

Solution We look at the components of f. As x tends to 5, the expression x? tends
to 25, and the expression 6x tends to 30. We conclude that
. 25-30+6 _ 1
1 ===z
) 5 5
A numerical investigation, as shown in the table, supports this conclusion.

Approach from the left side of 5 Approach from the right side of 5

x | 499 | 4999 |4.9999 |4.99999| — |5| « |5.00001

J(x)(0.19240(0.19924|0.19992|0.19999| . ..

5.0001 | 5.001 | 5.01

.10.20000{0.20008|0.20076|0.20760

The actual value of f(x) for x = 5 has been intentionally omitted from the table.
It is not used in the investigation of the limiting value of f(x) as x approaches 5. <«

Implicit in the limit definition is the fact that a function should have just one limit at a
point c¢. Suppose that f(x) is close to a number ¢; when x is close to ¢ and to the left
of ¢, and that f(x) is close to a different number ¢z when x is close to ¢ and to the
right of ¢. We say that f has a left limit ¢; at ¢ and a right limit {y at c, but we do not
say that f has a limit at ¢ (see Figure 4). These one-sided limits are written as
lim, .- f(x) =4 (or f(x)—> ¢ as x—c") for the left limit and lim,_, .+ f(x) = ¢z (or
f(x)— g as x—c™) for the right limit. From these informal definitions, it is clear that

lim f(x) = ¢

X—C

is equivalent to < lim f(x) =1/,

lim f(x) = éR, and EL = €R> .
xX—cC x—ct
In other words, if both left and right limits exist and are the same, then the limit
does exist.

The notation for one-sided limits arises from the ¢ =0 case. As x
approaches 0 from the left, x assumes negative values; hence, x —» 0~ . As x approaches 0
from the right, x assumes positive values; therefore, x—0". Keep this in mind to help
remember the notation.
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> EXAMPLE 3 Let H and G be defined by

1 ifx<3 (21
H(x)_{z ifx=3 G(S)_{ss—ss

Does H(x) have a limit as x tends to 3? Does G(s) have a limit as s tends to 4?

if s<4
if s>4"

Solution Refer to Figure 5 for the graph of H. As x approaches (but does not
equal) 3 from the left, H(x) tends to 1. On the other hand, as x approaches (but
does not equal) 3 from the right, H(x) tends to 2. Thus lim,_3-H(x)=1, and
lim,_ 5+ H(x) =2. However, H(x) does not have a limit as x tends to 3 because there
is no single value that H(x) approaches as x tends to 3.

When s is near 4 but to the left of 4, s is near 16, and s* + 1 is near 17. Thus
lim;_,4- G(s) = 17. On the other hand, when s is near 4 but to the right of 4, 5s is
near 20, and 5s — 3 is near 17. Hence lim,_, 4+ G(s) = 17. Because G(s) tends to 17
both from the left and the right, we can say that lim,_,4G(s) = 17. This limit can also
be seen from the graph of G (see Figure 6). <«

In many situations, some algebraic manipulations are required in order to evaluate
a limit.

> EXAMPLE 4 Does

have a limit as x approaches —27?

Solution This type of limit often occurs in calculus. The function fis not defined at
the point where the limit is being calculated. We therefore cannot attempt a
shortcut by simply substituting x = —2. Instead, we attack this problem by noticing
that

(x+2)(x—2)

flx) = (x +2)

As long as x # —2, then x +2 # 0. We can divide this common nonzero factor
from the numerator and denominator. As a result, f(x) =x —2 when x # —2.
Remember that, in calculating the limit of fat —2, we consider the values of f(x)
for x close to, but not equal to, —2. Therefore, as x— —2, f(x) tends to the same
limit as x — 2 does. In summary,

x2—4 _ . _
i x+2 11m2(x 2) =4

Refer to Figure 7. <«

We turn now to a practical, computation-oriented approach to the limit concept. By
lim, . f(x) = ¢, we mean that f(x) tends to £ when x tends to c. Now we ask: How
close does x need to be to c to force f(x) to stay within 0.1 of £? How close does x
need to be to ¢ to force f(x) to stay within 0.01 of ¢? and so on.
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This method of thinking about limits is important for applications and also
leads to a deeper understanding. In the examples that follow, the bound on the
desired distance of f(x) to ¢ is called e. The required distance of x to c is called 6.

> EXAMPLE 5 If x is close to 4, then f(x)=3x+2 is close to 14. We
therefore say that lim,_,4f(x) = 14. How close must x be to 4 to force f(x) =3x +2
to be within 0.1 of 14? Within 0.01 of 14?

Solution We will denote the limit, 14, by £. To force f(x) = 3x + 2 to within ¢ = 0.1
of £, we solve the inequality |f(x) — ¢| <e, or |(3x +2) — 14| <0.1, or |3x — 12| <0.1.
The solution is obtained by multiplying both sides of the last inequality by 1/3,
which gives us [x—4| <%l =0.0333.... Therefore provided x stays within
6=101=0.0333... of c=4, f(x) will stay within ¢ =0.1 of £= 14 (see Figure 8).
Similarly, to make f(x) stay within € =0.01 of ¢=14, we solve the inequality
|(3x +2) —14/<0.01. The solution is |x—4|<%1 =0.00333.... Therefore
f(x) =3x +2 stays within ¢ = 0.01 of £ = 14, provided that x stays within § = 20l =
0.00333... of c=4. There is clearly a pattern here. If we want to make
f(x) =3x +2 stay within a certain distance ¢ of ¢/ =14, then we restrict x to lie
within 6 =¢/3 of ¢ =4. We can achieve any desired degree of accuracy by taking ¢
as small as we like. Our calculation offers compelling evidence of a quantitative
nature that justifies the intuitive feeling that lim,_4(3x +2) =14. «

> EXAMPLE 6 Let f(x) =x*+4. How close to 0 does x have to be to force
f(x) to be within ¢ =0.1 of £=4?

Solution  Although it is intuitively clear that lim,_, f(x) = 4, let us examine the
matter from the point of view of approximation, as in Example 5. To force
f(x) =x? +4 to be within £ = 0.1 of £ =4, we solve the inequality

If(x) — 4] <0.1.

The solution is |(x? +4) — 4| <0.1, or |x?| <0.1 =10/100, or |x| <+/10/10. Because
we are interested in the distance of x from 0, we write

V10
lx —0] < 0
Thus f(x) =x> + 4 is within € =0.1 of £ =4 when x is within § = \/z = v/10/10 of
¢ =0 (see Figure 9). We arrive at our conclusion by working backward from the
desired estimate on the function x*. Let us now check our work: If |x — 0| < v/10/10,
then |x?| <10/100, or |(x*> + 4) — 4| <0.1. This means that |f(x) — 4| <0.1, which is
the desired result. Once we become accustomed to this process, we can work
backward with confidence and not bother to check the work by repeating the
calculation in the forward direction. <«

The degree of closeness for x to ¢ in Example 6 (namely, § = 1/¢) is
different from that in Example 5 (namely, § = ¢/2). Different functions approach their
limits at different rates. This will be one of the main points in the limit problems that
we study.
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Graphical Methods Examples 5 and 6 provide algebraic solutions to the question, “For a given small
number ¢, how can we take x close enough to ¢ to force f(x) to be within € of £?” We
may also answer this question by graphical methods. Indeed, the condition that f(x)
stays within ¢ of ¢ when x stays within ¢ of c is easily visible when we plot f in the
viewing rectangle: [c —6,c+ 6] X [ —¢,£+¢]: The graph exits the window only
through the lateral sides—not through the top or bottom of the viewing window.

» EXAMPLE 7 Let f(x) = (x> —6x +6)/x. In Example 2, we observed that
lim,sf(x) =1/5. Find a positive number § such that f(x) stays within 0.01 of 1/5
when x stays within ¢ of 5.

Solution In this example, we set c =5, £ =1/5, and ¢ = 0.01. We begin by making an
arbitrary choice of 6: 6 = 0.05. Figure 10 shows the graph of fin the viewing window
[5—0.05,5+0.05] X [1/5—0.01,1/5 + 0.01]. Because the graph of fexits this window
through its top and bottom, we must use a smaller value for . To determine such a
value, we observe that, on the horizontal axis in Figure 10, the distance between
tick marks is 0.004. From the plot, we can see that f(x) stays within € = 0.01 of £ = 1/5,
provided that x stays within 3X0.004 of c¢=5. We therefore set §=0.012.
The resulting graph of f in the viewing rectangle [5—0.012,5+0.012] X
[1/5—0.01,1/5 + 0.01] shows that our choice § = 0.012 suffices (see Figure 11). <

0.210 — 0210p -
0.206
0.206 - I ool - €=001
0.202 B 0202
y=¢ C v
0.198 0198
i _ . € =001
0.194 €=001 0194
0.19()-..|....|. ' BT B R 0.190 1L L L1 =
405 496 498 0o 504 505 4988 4992 4996 5000 5004 5008 5.012
| [ 5 — 0.05 | | 8 = 0.012 | 5=0012—
Figure 10 Viewing rectangle Figure 11 Viewing rectangle
5-6,5+8X[1/5—¢,1/5+¢] [5—6,5+6%X[1/5—¢,1/5+ €] for a smaller &.

Some Applications of Numerical calculations of the type we have been examining come up frequently in
Limijts applications. Following are some examples.

> EXAMPLE 8 Anunmanned spacecraft is to be sent to a distant planet. The
ground control personnel compute that an error of size d degrees in the spacecraft’s
initial angle of trajectory will result in the spacecraft missing its target by
E(d) =30 - (10? — 1) miles. The spacecraft must land within 0.1 mile of its target for
the mission to be considered successful. What error in the measurement d of the
trajectory angle is allowable?

Solution To answer this question, we require 30 - (10d —1) <0.1. This inequality
is equivalent to 10¢—1<1/300, or10¢ <1+ 1/300. The solution set is d<
log,,(1 +1/300) ~ 0.00144524073. Thus d = 0.00144 will suffice. Trajectory angle
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measurements on this flight can be measured to within an accuracy of 0.00144
degrees without affecting the success of the mission (see Figure 12). <«

> EXAMPLE 9 Inacontrolled reaction of hydrogen with bromine, the rate R
at which hydrogen bromide is produced (in moles per liter per second) is given by
R(c) =0.08+/c where c is the concentration of bromine (in moles per liter). How
close to 0.16 must the bromine concentration be maintained to ensure that the rate
of production of hydrogen bromide is within 0.001 of 0.032? Answer in the form of
an interval (0.16 —4,0.16 + §).

Solution We require that |0.08y/c —0.032| <0.001. From the Insight following
Example 3, Section 1.1, we see that this inequality is equivalent to —0.001 <
0.08,/c —0.032 < 0.001, or, after adding 0.032 to each side, 0.031 <0.08,/c <0.033.
Dividing by the positive number 0.08 results in 0.3875 < ,/c <0.4125. Finally, by
squaring each side, we obtain 0.15015625 <c¢<0.17015625. Let ¢&;=0.16 —
0.15015625 = 0.00984375, and &, =0.17015625 — 0.16 = 0.01015625. We have
found that R(c) is within 0.001 of 0.032 for ¢ in the interval 7= (0.16 — 41,
0.16 + 6;). The interval (0.16 —6,0.16 + 6) we seek must be contained in 7 and
centered at 0.16. We therefore take 6 to be the smaller of §; and 6, 6=
0.00984375. In summary, the rate of production of hydrogen bromide is within
0.001 of 0.032 when the concentration of bromine is within 0.00984375 of 0.16.
A plot of R(c) in the viewing window [0.16 — 0.00984375,0.16 + 0.00984375] X
[0.032 — 0.001,0.032 + 0.001] confirms our analysis (see Figure 13). <«

0.033 -
R R(C) =0.08 \E 0.001
0032 A —
0.001
0.031 —
0.16 ¢
0.00984375 —~~——0.00984375 ——~

Figure 13
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QUICK Ul Z 1. True or false: lim,_,o f(x) can exist even if f does not have the point 0 in its

domain.

2. Calculate lim,_5(¢* +25)/(t +5).
3. Calculate lim,_5(> —25)/(t = 5).
4. How close must a positive number x be to 2 to ensure that x* is within 1/100 of 4?

Answers

1. True 2.5 3.10

EXERCISES
Problems for Practice

In Exercises 1—8, decide whether the indicated limit
exists. If the limit does exist, compute it.

1. lim,_,(x +3)
. lim,_,o(s? — 65 + 10)
. limh_,4(3h2 +2h+ 1)
. limg0(2 +5) /s
. limh_,lg

h+1
lim, 3 573

x2 -9
7. lim,_,, g(x) for

n A WN

=)

[ 4 ifx<0
8=\ _4 ifx=0

8. lim,_, _; f(x) for

{6 ifx=-1
ﬂ”‘{m if x >-1

In Exercises 9—14, some algebraic manipulation is neces-
sary to determine whether the indicated limit exists. If the
limit does exist, compute it and supply reasons for each step
of your answer. If the limit does not exist, explain why.

(x=5)

(t+7)
(12 —49)

. (t+7)

11. lim,_, 7 m

(h® + h®)
(h® —3h3)
(x> +6x —8)
(x2 —2x —24)
(¥ =9)°
(x+3)?

10. lim,_;

12. hmh -0
13. lim,, 4
14. lim,_, ;3

In Exercises 15—18, determine if lim,_,. f(x) exists. Con-
sider separately the values f takes when x is to the left of c and

4. V401/10 -2

the values f'takes when x is to the right of c. If the limit exists,
compute it.

x*—=3x ifx<2 _,
15. f(x) =< _ _X ifx=2
Y=
X2+6x—7 .
— ifx<1
16 f)={ =2-1 "7 c=1
x+2)%  ifx=1
(x+2)
2 _
x34 ifx=5
17.f(x)= X2*3X*10 . C:5
x2—9x+20 ifx=3
x2-9 .
1 259 ifx=3
8. f(x)= _ 22 c=3
(3" i v 3
x2—9

In Exercises 19—26, calculate how close x needs to be to ¢
to force f(x) to be within 0.01 of £.

23. f(x)=5—-x*/4,c=0,£=5
24. f(x)=1++/|x|,c=0,{=4
_ X if x<1 _ _
25. f(x 7{10x—9 fx=1 ¢=0.999, £=0.999

c=1,¢=1

4x—-3 ifx=1
Zﬁﬂ”:{ x o ifx>1

In Exercises 27 and 28, demonstrate that the limit does not
exist by considering one-sided limits.

27. lim,_,»f(x) where

2 _
X4 =2
x+2

flx)= 2 _
. ST
x—2
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28. lim,_, _5f(x) where

_ 4 ifx=-5
ﬂ”*{ﬁ—4 if x > -5

Further Theory and Practice

In Exercises 29—32, you are given four functions f, g, A,
and k, and a point c.

a. State the domain of each function.

b. Identify two of these functions that are the same.
Explain why. In what way do the other functions differ
from these two functions?

c. For each function, decide if it has a limit at c¢. Identify
the limit if it exists.

2 S VIR
29. g(x) = ==L poy={ =1
x—1 ]
2 ifx=1
2 _
st ST
f(x)ZX+17k(): x—1 c=1
1 if x=1
¥+x—6 .
2 — ——— ifx#2
30. flx) = EEE20 iy = { =2 #
0 ifx=2
2 _
XHEXZ6 Gpy o
gx)=x+3k(x)=q *—2 c=2
5 ifx=2
| .
——— ifx#0
3Lﬂﬂ={%mm@) #, ey = — P
. signum(x)
0 ifx=0
X)= xX)=x.c=
f(x) signum(x) . k(x)=x,c=0
1 ifx=0
Br-x .
ifx#0 By
2. f<x>={ x o h) =5
-1 if x=0
3_,2
Yo ifx#0
foy=4 * . k(x)=x—1,¢=0
0 ifx=0

33. The Heaviside function H(x) is defined by

_ 1 ifx>0
H’””{o if x <0.

34.

35.

36.

37.

38.

39.

40.

Compute lim,_ ,+H(x) and Does
lim, o H(x) exist?

Suppose a sample of gas is held at constant pressure. Let
V, denote the volume when the temperature is 0 degrees
centigrade. The Law of Charles and Gay-Lussac relates
the volume V and temperature T (measured in degrees
centigrade) of the given gas sample by the equation
V =V, + Vy - T/273. Use this law to show that T belongs
to an interval of the form 7> 7. The number T is known
as absolute zero. Discuss the one-sided limit of V as T
tends to absolute zero.

One foot is 0.3048 meter. How precisely should a length
be measured in meters to guarantee accuracy of 0.001
foot?

One ounce is 28.350 grams. How precisely should weight
be measured in ounces to guarantee accuracy of
0.001gram?

Let |x| be the greatest integer that is less than or equal to x.
For instance, [3/2]=1,|0]/=0, | —1/2] =—1. Discuss
each limit.

a. lim,_o|x|

b. limxi,l/z LXJ

c. limy,,11/|x]

d. limxﬁfl/gl/\_xj

Let n be an integer. For the greatest integer function |x|
defined in Exercise 37, discuss each limit.

a. lim, .+ |x]

b. lim,_,,- |x|

c. lim,,,|x]

Graph the greatest integer function [x], defined in
Exercise 37. What is the graphical indication that
lim,_,,|x] does not exist for an integer n?

The graph of a function f that is defined on (1,4)u (4,5]
appears in Figure 14. Determine all values of ¢ at which
the limit lim,_.f(x) exists. Determine all values of ¢ at
which the left limit lim,_ .- f(x) exists. Determine all
values of ¢ at which the right limit lim, _, .+ f(x) exists.

lim, o~ H(x).

y=rfx

—
o+
[RE S
~4
(TS
o+



In each of Exercises 41 and 42, a particle is moving in
the xy-plane in such a way that it is at the specified point at
time .

a. Compute the average velocity of the particle from
t=1tor=2.
b. Compute the average velocity from =1 to t = 1.5.
c. Compute the average velocity from t=1 to r=1.1.
d. Compute the average velocity from t=1tot=1+h
where £ is a small nonzero number.
e. What is the limit of these average velocities as h— 07
41. (£,0)
42. (0,4 —3)

In each of Exercises 43—46, a particle moves on an axis.
Its position p(?) at time ¢ is given. For the given value #, and a
positive h, the average velocity over the time interval
p(to +h) —plio)

A .

a. Calculate v(h) explicitly, and use the expression you
have found to calculate vy =lim,,_, 4+ v(h).
b. How small does 4 need to be for v(k) to be between v
and vy +0.1?
c. How small does 4 need to be for V() to be between vy
and vy +0.01?
d. Let ¢ >0 be a small positive number. How small does
h need to be to guarantee that v(h) is between vy and
vo+e?
pO)=+2; th=2
p(t)=32; th=1
45 pt)=+2t; tH=3
46. p(t) =1+5t+1; 1, =0

[to, th + ]’l] is V(h) =

In Exercises 47—50, a function f and a point ¢ are
given.

a. What is the slope of the line passing through (c, f(c))
and (¢ +h,f(c+h))?
b. What is the limit of these slopes as #— 07

47. f(x)=x% c=3
48. f(x) = c=2
49. f(x )—x +2x c=1
50. f(x)=x—x% c= -1
/3
51. Discuss lim,_,o=—.
x|
e — 1]

52. Discuss lim,_,{

Calculator/Computer Exercises

In each of Exercises 53—58, a function f, a point ¢, and a
positive ¢ are given. Graphically determine a § for which f(x)
is within e of f(c) for every x that is within 6 of c.

53. f(x)=4/x*,c=2,6=0.01
54. f(x)=+vx,c=1,6=0.1

2.1 The Concept of Limit 93

(x)= xzc—105—001
56. f(x)=1/x,c=02,e=0.01
(x) = 1/ﬁc—9s—001
)=vVx2+16,c=3,6=0.01

59. A machinist must do all of his work to within a tolerance
of 107 mm. The calibrations on his machine are such
that if the machinist’s settings are accurate to within m
mm, then the dimensions of the product have a tolerance
within 1.2[m| + 100m? mm. What accuracy of the settings
is required (i.e., how small must the machinist make m)
to produce work of the desired tolerance?

In Exercises 60—64, a function f and a point ¢ not in the
domain of f are given. Analyze lim, . f(x) as follows.

a. Evaluate f(c —1/10") and f(c +1/10") for n=2,3,4.

b. Formulate a guess for the value ¢ = lim,_,. f(x).

c. Find a value 6 such that f(x) is within 0.01 of ¢ for
every x that is within ¢ of c.

d. Graph y = f(x) for x in [c —1/10* ¢) U (c,c + 1/10*] to
verify visually that the limit of f at ¢ exists.

60. f(x)=sin(x)/x, c=0
_ cos(x)
61 f() = = e =72
62. f(x) = ‘2“_(’2 c=mn
63. f(x)z)%in("), c=0
64.f(x)=cos(§#,c20

In each of Exercises 65—68, a particle moves on an
axis. Its position p(¢) at time 7 is given. For a positive 4, the
average velocity over the time interval 2,2+ 4] is
sy = PRI =p@)

h
a. Numerically determine vy = limy,_0+V(h).
. How small does % need to be for ¥(h) to be between v,
and vy +0.1?
c. How small does 4 need to be for v(%) to be between v
and vy + 0 01?

=

65. p(t) =1 —

66. p(i) = (2z)3/2 2t

67. p(t) =2t — %cos(m)
68. p(t) =92/t +1)

69. A spring moves so that the amount of extension x is given
by x(f) =sin(f). (A negative value of x corresponds to
compression.) In this exercise, you will approximate
the instantaneous velocity v(f) of the spring at time ¢
by its average velocity v(f) over the time interval
[t —0.0001, ¢t + 0.0001].

a. Write V() explicitly, and graph v(¢) for 0 < ¢ < 2.
b. When, approximately, is ¥(¢) the greatest? The most
negative?
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c. When, approximately, is v(¢) zero? What is the behavior of x as ¢ increases through this
d. Graph x and v in the viewing window [0,27] X subinterval I? What does v(f) <0 mean?
[-1.1,1.1]. For what subinterval I of [0,27] is v<<0? e. Based on the graph of v, what function does v appear

y
{+e€
¢
{—¢€

2.2

[f(x) - €l <e
for
0<|x—c|<é

Figure 1 f(x) has the limit ¢

as x tends to ¢

to approximate?

Limit Theorems

In Section 2.1, we discussed limits intuitively and numerically. Now we learn a
precise definition of the statement

lim f(x) = ¢.

X—=C
It will be written with mathematical symbols, but it will mean “f(x) can be forced
arbitrarily close to ¢ by making x sufficiently close to ¢.”

We measure the distance of f(x) to ¢ by the absolute difference |f(x) —¢|.
When we say that f(x) can be forced arbitrarily close to ¢, we mean that we can
make |f(x) — £| smaller than ¢, no matter how small the positive number ¢ is. Thus
“f(x) can be forced arbitrarily close to ¢” translates as “for any given positive e, we
can make |f(x) —¢| <e.”

“By making x sufficiently close to ¢” translates to “we are considering only
those x that lie within a specified distance 6 of ¢.” In other words, we refer to those
x for which 0 <|x — ¢| <é. Now we are ready for the complete definition.

Let f be a real-valued function that is defined in an open interval
just to the left of a real number ¢ and in an open interval just to the right of c.
We say, “The limit of f(x) is equal to ¢ as x approaches c,” and we write
lim, . f(x) = £ if, for any ¢ > ¢, there is a § >0 such that

[f(x) =€ <e
for all values of x such that
0<|x —c|<é.

The limit can also be written as f(x) —>¢ as x —c (see Figure 1).

This definition is often referred to as the -6 definition of /imit. Notice that the
inequality 0 < |x — ¢| < § means we are considering values of x that are near to ¢ but
not equal to c. An e-6 verification of a limit starts with the assumption that an
arbitrary positive ¢ is given. Then a ¢ corresponding to that € must be found. This is
exactly what we did in the quantitative examples from Section 2.1 in which specific
values of ¢ were given. As you read the next example, notice that we find 6 in terms
of ¢ for a general value of ¢.

» EXAMPLE 1 Let f(x)=3x+2. Using the rigorous definition of limit,
verify that lim,_ 4 f(x) = 14.
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Solution Let ¢>0. We must find a §>0 such that 0<|x —4|<{§ implies
If(x) — 14| <e. As is usually the case, we work backward to find a ¢ that
corresponds to the given ¢. First, notice that there is a direct relationship between
|x — 4| and |f(x) — 14]:

f(x) — 14| = [3x + 2 — 14| = [3x — 12| = 3|x — 4].

From this, we see that |[f(x) — 14| <eif |x — 4| <e/3. Therefore 6 =¢/3 is the value
for 6 that we want. That is, if 0 <|x — 4| <6 =¢/3, then |f(x) — 14| <e.

Compare Example 1 with Example 5 of Section 2.1. Both examples involve the
same function f, the same point ¢, and the same limit /. In the preceding section, we
specified a particular numerical value for ¢, and then determined a corresponding
numerical value for 6. In the present discussion, we start with a general value of e. Here
is how we ue the information from Example 1 in a numerical way. Suppose we want to
force f(x)=3x+2 to be within 0.06 of 14. We set ¢ = 0.06. The calculation in the
example tells us that § =¢/3 =0.02. In short, if x is within § =0.02 of ¢ =4, then
f(x) =3x + 2 is forced to within e = 0.06 of ¢ = 14 (see Figure 2). Now suppose instead
that we want to force f(x) to be within 0.003 of 14. To do this, we simply set £ = 0.003.
Our computation tells us that when x is within of §=¢/3=0.001 of ¢ =4, then
f(x)=3x+2 is forced to within ¢ =0.003 of ¢=14. When refining our degree of
accuracy, we do not have to keep repeating the calculation. We have done the cal-
culation once and for all but with symbols € and ¢ instead of specific numbers. We can
substitute numbers later, depending on the degree of accuracy desired.

-+ 14.06

14.04
e = 0.06
14.02

-—14.00
13.98

€ =0.06
13.96

—13.94
3.980 3.990 4.

00 4.010 4.020

\
\
\
\
\
\
\
;
(0]
\

1 6 =0.02 6 =0.02

Figure 2

In Example 1, our intuition allows us to easily determine the required
limit. Why, then, has the ¢-§ definition been introduced? The answer is that there are
many limits that are not obvious. (See, for example, the trigonometric limits at the end of
this section.) Having a rigorous definition allows us to verify limits in such situations.

Many useful functions that do not have limits at certain points do have one-sided
limits at those points. Furthermore, many functions are defined on an interval
of the form (a,b), [a,b], (a,b], [a,b) or on a half line of the form (a, o),
[a, o0), (—o0,b), (—oo, b]. The concept of one-sided limit is necessary to investigate
the behavior of such a function at an endpoint of its domain of definition.
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Figure 3 lim,_ . f(x) =(r

Figure 4 lim,_ . f(x) =4,

y
28+ (7,28)
1 /
204
164
124
8_-
4__ (7’ 5) °
1 1 1 1 1 X
5 6 7 8 9
_4_-
(7, —6) o——-—
Figure 5
4 if x<7
flx)= 5 ifx=7
-6 ifx>7

Suppose that fis a function defined in an interval just to the right
of c. If, for every € > 0, there is a 6 >0 such that |f(x) — ¢g| <e for each x that
satisfies ¢ <x <c¢ + ¢, then we say that f has /; as a limit from the right, or f has
right limit ¢ at ¢, and we write

lim f(x) = .

Figure 3 shows a function f with a right limit ¢ at c.

Let fbe a function defined in an interval just to the left of c. If, for
every ¢ >0, there is a 6 > 0 such that |f(x) — {.| <e for each x that satisfies
¢ — 6 <x<c, then we say that f has ¢ as a limit from the left, or f has left limit
4 at ¢, and we write

lim f(x) =4,

Figure 4 illustrates a function f with left limit ¢, at c.

By comparing the definitions of one-sided and two-sided limits, we see that

lim f(x) = £ isequivalent to ( lim f(x)=¢ and lim f(x) = 6).

» EXAMPLE 2 Determine the one-sided limits of f(x) at 7 if fis defined by

dx if x<7
flx)= 0 ifx=7.
-6 ifx>7

Solution As with all limit problems, we first look at this one intuitively. To the
right of ¢ =7, f(x) is equal to —6 for every x, so it appears that f(x) has right limit
lr=—6at c=7. To the left of c =7, f(x) is equal to 4x, so it appears that f(x) has
left limit £, =4 -7, or £, =28 at ¢ =7. Now let us carefully verify these assertions by
using the definitions (see Figure 5).

First we consider the right limit. Let € > 0. We must find a positive ¢ such that,
if x is to the right of 7 by an amount less than 4, then f(x) is within ¢ of {z = —6.
Because f(x)=—6 for every value of x greater than 7, we have |f(x)—
(=6)|=]—6—(—6)]| =0 for x>7. Therefore no matter what positive value we
choose for 6, the inequality |f(x) — (—6)| <& holds for 7<x <7 + 6. We may select
6 =1, for example, but any other choice of positive number for § would do just as
well. By finding an appropriate ¢ for a given positive ¢, we have shown that
limx%7+f(x) = —6.

We now consider the left limit. Let ¢ > 0. We must find a positive § such that, if x is to
the left of 7 by an amount less than ¢, then f(x) is within € of ¢, = 28, or |f(x) — 28| <e.
Because f(x) = 4x when x is to the left of 7, the desired inequality is |[4x — 28| <¢, or, on
multiplying each side of the inequality by 1/4, |x — 7| < ¢/4. We therefore choose
6=¢/4 and retrace our steps. Thus if |x —7|<§, then we have 4|x —7| <44, or
|[4x — 28| <e, or |f(x) — 4| <e. By definition, then, lim,_,7-f(x) = 28. Notice in this
example that the ordinary (two-sided) limit, lim, _,7 f(x), does not exist. <
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Basic Limit Theorems There are a few simple theorems that save a great deal of work in calculating limits.
The first tells us that a function can have at most one limit at a point c.

Suppose a function f is defined on an open interval (a, ¢) to the
left of ¢ and on an open interval (c, b) to the right of c. Then f cannot have two
distinct limits at c.

Theorem 1 will come up often, at least implicitly, as we study calculus. It
assures us that if we compute a limit by two different methods, then both methods
will give the same answer. A proof of Theorem 1 is outlined in Exercise 77.

Now we turn our attention to various arithmetic properties of limits. For
example, suppose that lim,_ . f(x) =¢. and lim,_,. g(x) = m. Given ¢ >0, we can
take x close enough to ¢ to ensure that f(x) is within £/2 of ¢ and g(x) is within £/2
of m. Using the Triangle Inequality, we see that (f + g)(x) is within ¢ of ¢ + m for
these values of x:

[(f(x) +8(x)) = (L +m)| = |(f(x) =€) + (g(x) —m)]
= |f(x) — 4] +|gx) —m| Triangle Inequality

This tells us that the limit of the sum f(x) + g(x) as x approaches c is the sum of the
limits of f(x) and g(x) at c. We state this result, as well as some similar assertions, in
the following theorem, which tells us that limits of algebraic combinations of
functions behave in the expected way.

If f and g are two functions, ¢ is a real number, and lim,_, .f(x)
and lim, . g(x) exist, then the following equations hold

a. limy,.(f +g)(x) =lim,,.f(x) + lim,_ . g(x)
lim,_,.(f — g)(x) =lim,_,.f(x) — lim,_, .g (x);

b. lim (f - g)(x) = (limy_f (x)) - (limy-cg(x));

C. limx—w(é)(x = %, provided that )lci_rgg(x) # 0; and

d. lime,¢(a-f(x)) =a- (lim,. f(x)) for any constant .

By successively applying Theorem 2a as many times as necessary, we can
handle the sum of any finite number of functions. A similar remark applies to
Theorem 2b and any finite product of functions. For example, because we know
that lim,_.x =c, we can deduce that lim,_.x" =c" for any positive integer .
From these observations and the other parts of Theorem 2, we obtain the next
theorem.
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A Rule That Tells When
a Limit Does Not Exist

WSS If p(x) and g(x) are polynomials with g(c) # 0, then

lim p(x) = p(c)
and

~—

lim 28 _ P(S).
(c

x=e q(x

~—
o)
~—

Functions of the form x+ p(x)/q(x) where p(x) and g(x) are polynomials
are called rational functions. Theorem 3 gives a large class of functions (the rational
functions) with limits that can be obtained by evaluation. Later in this section, we will see
other important functions that have this convenient property.

2x% +1

6x—35"

Solution Letp(x)=2x*+1andg(x) = 6x— 5. Notice that g(—3) = 6(—3) —5 = —23.
Because this quantity is nonzero, it follows from Theorem 3 that

> EXAMPLE 3 Use Theorem 3 to compute lim,_, 3

.22 +1 . plx) _p(=3) 19
1 = 1 —_— —_ = —_—
oS ex—5 sobglr)  q(=3) 23

Notice that Theorems 2 and 3 allow us to calculate limits without reference to the
¢-6 definition. Our next theorem can be used in the same way.

THEOREM 4 [ 3R v positive integer and c a real number (that is positive if
n is even). Then

lim ¥/x = V/c.
X—C

> EXAMPLE 4 Calculate
limg.
-9 x—9

Solution Because the limit of the denominator is 0, Theorem 2c cannot be applied
to calculate the limit of the quotient. We must first prepare the quotient by means
of an algebraic manipulation that is frequently helpful:

V=3 _VE+3 VA-3 (VoI (3) x=9 1

x—9  Ji+3 x-9  (Ji+3)(x-9) (x+3)x-9) Ji+3
Therefore using Theorems 2c, 2a, and 4 in succession, we have

fim VX3 g L= 1 1
x-9 x—9 x-9 \/)_C+3 limxﬁg(\/)?-F?)) (limxﬂg\/.}) +3

<

1
g
Sometimes it is useful to know a rule that shows that a certain limit does not exist.

If lim,,.g(x)=0, and if f(x) does not have limit 0 as x
f(x)

approaches c, then lim,_,.——= does not exist.

g(x)
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Figure 6 lim,_ f(x)=/

A\

Figure 7

— h(x) = Ix|
— f(x) = x-sin(1/x)
— g(x) = —|x|
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Proof. Let h(x)=f(x)/g(x). To show that h(x) does not have a limit as x
approaches ¢, we write f(x) =g(x) - h(x) and argue by contradiction. If A(x) did
have a limit ¢ as x approached ¢, then Theorem 2b would give

lim f(x) = lim A(x) - limg(x) =¢-0=0,

contradicting the hypothesis about f. |

Here is an equivalent formulation of Theorem 5 that is frequently useful:

fx)

If lim,_,. =——= exists, and if lim,_,. g(x) =0, then lim,_,. f(x) = 0.

g(x)

» EXAMPLE 5 Does lim,_,_,-2+*
(1+x)

exist?

2
Solution We notice that

2
lim 2+x)=2+(-1)=1# Oand lim (x+1)’ = ((—1)+1) —02=0.
(2+x)

According to Theorem 5, lim,_, 4 )2 does not exist. <«
X

(The Pinching Theorem). Suppose that the functions f, g, and &
are defined on an open interval (a, c) to the left of ¢ and on an open interval (c, b)
to the right of c. Let S denote the union of these two intervals. Assume further
that g(x) =< f(x) = h(x) for all x in S (see Figure 6). If lim,_ . g(x) =¢, and
lim,_, . h(x) = ¢, then lim,_, . f(x) = £.

The truth of the Pinching Theorem is geometrically clear (refer to Figure 6).
We may apply the Pinching Theorem to one-sided limits as well. For example, if
g(x) = f(x) = h(x) for all x in (c,b), if lim,_ .+ g(x) =4, and if lim,_ .+ h(x) = ¢,
then we may conclude that lim,_, .+ f(x) = £.

» EXAMPLE 6 Let f(x)=x-sin(1/x) when x # 0. Use the Pinching Theo-
rem to compute lim,_,q f(x).

Solution Notice that, because }Sin(l /x)| = 1 for every nonzero x, we have

Flx) = |x 51n<)1—c>’=|x|- sine) = kx|
and
x| = — - sin@)' =—x~sin()1—c> = f(x)
In short,
| = £(x) = |xl. 22.1)

We have “pinched” f(x) between A(x) = |x| and g(x) = —|x| (see Figure 7). Now it
is easy to see that

lin}) |x]=0 and lirr(l) (—=]x]) =0. (22.2)
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Some Important
Trigonometric Limits

Figure 8 0 < sin(f) = |[AB| <
|AC| <t

Equations (2.2.1) and (2.2.2), together with the Pinching Theorem, allow us to see
that lim,_,ox -sin(1/x) =0. <«

For every ¢, we have lim,_sin(¢) =sin(c) and lim;. cos(¢) =
cos (c).

Proof. Let t be an angle, measured in radians, between 0 and 7/2. Figure 8
exhibits the unit circle. Because ¢ represents a small positive angle measured in
radians, the length of the arc that the angle subtends is 7. We see that
0 = sin(t) = |AB| <|AC|<t. A similar picture shows that ¢ <sin(¢) = 0 when ¢ is
negative. Therefore —|¢| <sin(¢z)<|t| for all ¢ in (—x/2,7/2). By the Pinching
Theorem,

limsin(z) = 0. (2.2.3)

t—0

Replacing 6 with ¢ in Half Angle Formula (1.6.12) and solving for cos (¢), we obtain

cos(t) =1—2sin’ (é)

It follows that

. Y _ ) £ _1_ . ) £ —1_9.02 =
}1_1)1(1)005(0 }1_{18(1 2sin (2>> 1 2}1_{18(sm (2)> 1-2.-0°=1. (2.2.4)

Now let ¢ be arbitrary. For every ¢, let h =t — ¢. Notice that 47— 0 as t— c. We have

}im sin(¢) = liml sin(c+ (t—¢))

= lint(n) sin(c + h) Definition of A
= hm (sin(c) cos(h) + cos(c) sin (h)) Addition Formula (1.8)
= }Eli% (sin(c) cos(h)) + hi% (cos(c)sin(h)) Theorem 2a
= sin(c) - 1m cos (h) + cos(c) /1111% sin (k) Theorem 2d
in(c)- 1+cos(c)-0 Equations (2.2.3) and (2.2.4)
in(c)
A similar calculation using Addition Formula (1.9) shows that lim,_,. cos(f) =
cos(c) for every real c. [
Because csc(x) =1/sin(x), sec(x) = 1/cos(x), tan (x) = sin (x)/cos (x), and

cot(x) = cos (x)/sin (x), we may use Theorem 2c to conclude that, if fis any trigonometric
function, then

lim f(x) = f(c)

xX—c

at each point ¢ in the domain of f.
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We now have a large class of functions with limits that can be computed simply
by evaluation: polynomials, rational functions, n'™ roots, trigonometric functions,
and all the combinations thereof that can be formed with the arithmetic operations
described in Theorem 2. However, many limits in calculus are not obtained so
easily. The next theorem gives two important examples.

If ¢ is measured in radians, then

lim 20 _ 1 and pm 1760 1 (22.5)
t—-0 f t—0 t 2
Proof. Let f(¢) =sin (¢)/t, t#0. On a calculator we compute that
t 0.1 0.01 0.001 0.0001

f® 0.9983341664 0.9999833334 0.9999998333 0.9999999983

to ten decimal places. On the basis of this numerical evidence, it is reasonable to
guess that lim,_( f(¢) = 1. Let us investigate why.

Refer again to Figure 8. As we observed in the course of proving Theorem 7,
Figure 8 shows that sin(¢) <t or, equivalently,

f()<1. (2.2.6)

This pinches f(¢) from above by the constant function () = 1. Now we will pinch
f(¢) from below. See Figure 9, which is similar to the preceding figure except chord
AC of Figure 8 has been replaced with tangent line segment AD. Because /. OAD
is a right angle, we see that AABD is similar to AOBA. It follows that

E
S

_ sin(¢)
T

N
>

Therefore |BC|<|BD|=|AD|-sin(t). However, we see from AOAC that
|AD| = tan(¢). It follows that

|BC| <tan (¢) - sin (¢).
Therefore
|BC| + sin () <tan(¢) - sin(¢) + sin (¢) = sin (¢)(1 + tan(¢)). (2.2.7)

Now observe that t < |BC| +sin(t) (see Figure 10). This inequality, together with
inequality (2.2.7), shows that

t<sin(f)(1 + tan(t)).
Divide each side of this inequality by the positive quantity #(1 + tan(¢)) to obtain

1 < sin (t)
1+tan(z) t

=f(0).
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Thus for small positive t, we have pinched f(¢) from below by g(¢) =1/(1 + tan()).
Because lim,_¢1/(1 +tan(z)) =1/(1 +tan(0)) =1, the Pinching Theorem tells us
that we have lim, ,+f(t)=1. But f(—1¢)=f(¢t). It follows that lim,.o f(¢)=
lim, 4+ f(t) = 1. We conclude that the two-sided limit of f(¢) at t=0 exists and
equals 1, which is the first limit formula of Theorem 8.

For the second Ilimit formula, we use the Half Angle Formula
1 — cos(f) = 2sin” (¢/2) to obtain

1—cos(r) _ 2sin®(¢/2) 1 (sin(t/2)\?
= _5( /2 > (2.28)

Let x =1¢/2 and observe that x—0 as r—0. Using equation (2.2.8) and the limit
formula for sin (x)/x that we established in the first part of this proof, we conclude
that

t/2
zllim sin (x) 2:1 limsin(x) 2:1.1221 ]
2 x-0 X 2\x>0 X 2 2

> EXAMPLE 7 Show that

x—02

. 2 . 2
1im1°75’5(t) — limd (Sln(f/2)> = lim (sm(x)>
=0 t t>02 X

lim 1 —cos(?)
t—0 t

=0.

Solution By Theorem 8 and Theorem 2b, we have

lim L7080 _ .t= lim

ml—cos(t) 1—cos(t).1 0=0. <
t—0 t t—0 [2 t—0 tz t

1
mi=3

1. True or false: The limit lim,_, . f(x) may exist even if ¢ is not in the domain of f.
2. True or false: If lim,_,.f(x) = ¢ and c is in the domain of f, then ¢ = f(c).
3. True or false: If f has both a left limit and a right limit at ¢, then lim,_,.f(x)

exists.
4. Evaluate lim,_, ¢

sin (x)’
Answers
1. True 2. False 3. False 4.1

EXERCISES
Problems for Practice 5. lim,_(V2 — mx)
. . .. . X2 —4x+3
In Exercises 1—8, evaluate the given limit. 6. lim,_,3 ——3
1. lim, ,32x 7 lm. X 4
2. lim,_,(6x — 1) )
—4

3. limy_6(x/3 +2)
4. lim,_12(3 —x/4)

2
8. lim,_, >
1m,, ZX*Z




In Exercises 9—12, the indicated limit lim,_,.f(x) does not
exist. Prove it by evaluating the one-sided limits lim,_, .- f(x)
and lim,_, .+ f(x).

9. lim,_, s f(x) where

3x ifx<5

f(x):{ 4 ifx>5

10. lim,_, _3 f(x) where

[ x® ifx<-3
f(x)_{4x if x> -3
11. lim,_,; f(x) where

_f 0 iftx<1
f(x)_{w if x>1

12. lim,_ ¢ f(x) where

f(x):{x—l if x<0

¥ ifx=0

In Exercises 13—16, show that lim,_4 f(x) exists by calcu-
lating the one-sided limits lim,_,4- f(x) and lim,_ 4+ f(x).

(X241 ifx<4
13‘f(x)_{5x—3 if x>4

f2x+3 ifx<4
14'f(x)_{x+7 if x>4

¥ ifx<4
15. f(x) =< —64 ifx=4
42 ifx>4
8 ifx<4
16. f(x)=< 5 ifx=4
2x if x>4

In Exercises 17—24, use Theorem 2 to evaluate the
limit.
17. lim,_,4(2x + 6)
18. lim,_, _3(—4x +5)
19. lim, (x> — 6)
20. lim,_o(x+1)/x

21. lim, o(x*> +2)/(x + 1)
22. limy7(x +3)(x = 7)
. (x—5)x
23. lim, .,
3. lim.—g x+1

24. lim,_, 5(x3+1)°

In each of Exercises 25—32, either determine that the limit
does not exist or state its value. Justify your answer using
Theorems 3, 4, and 5.

. (x—2)?

25. lim, ¢ e
26. lim,_, * 4
x—4
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2 _
27. lim, ;52

x—3
X2 —4
x—2

. x2-1
29, lim,_, 4 71

1/vx
1/(x174 = 10)

X —

28. limx_, -2

30. llmv 16

B

31 lim, .
1m,, — 3

2 _
3. lim,,, X —2
-~

)

™

Use the Pinching Theorem to evaluate the limits in
Exercises 33—38.

33. lim,_,¢ x° cos(1/x)

34. lim, (x—1)-sin(1/(x — 1))

35, lim, s (1 + (x—5)? sin (csc (7rx)))

36. lim,, o (4 +(x+9)cos (1/(9 + x)))

37. lim, ., ((x +1) + (x—2)? sin (sec (ﬂ/x))>
38. lim, o (cos (1 +x) +x!/3 cos (1/x))

In Exercises 39—42, decide whether the limit can be
determined from the given information. If the answer is yes,
then find the limit.

39. 2 [x =2 = f(x) = 2+ |x —2/% limys f(x)
40. 2 — |x =2 = f(x) = 2+ [x —2/% lim,_ 4 f(x)
41, 3|x| +5x = 5| = f(x) = 6x| + (x—5)%; lim,_o f(x)
42. 20— |x — 2| = f(x) = x% —4x +24; lim,_,, f(x)
In Exercises 43—46, investigate the one-sided limits of the
function at the endpoints of its domain of definition.

43. f(x)=+/(x—1)(2—x)

M f) =L —1<x<t
_ x*—4

‘ls.f(x)*‘m7 _2<X<2, x750
_ 1

46. f(x)=/x + Vi 0<x<1

Further Theory and Practice

In Exercises 47—56, use your intuition to decide whether
the limit exists. Justify your answer by using the rigorous
definition of limit.

47. lim,_, 4 |x|/x
48. lim,_ |x|/x
49. lim,_, 7 (Jx| — 3x)
2 _
50. lim, ;=L
e —1]
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51. lim,, 3 (x — |x|)?
52. lim,_, 3 f(x) where

fx)= { —2x ifx>-3
53. lim,_ 3 f(x) where

54. lim,_,4 f(x) where

{
55. lim,_ s f(x) where
o

if x=5
56. lim,_, f(x) where
CEX=6 o9
x—2
flx)= 39,2 _
X’ —=2x"+x—2 fr>2
x—2

In Exercises 57—66, use the basic limits of Theorem 8 to
evaluate the limit. Note: X" means “x degrees.”

57, lim,_, 5" (39)

58. lim,

59. limy o ———~
SI

60. lim,_,o

61. lim,_¢

62. limxﬁ()

63. lim,_,¢

64. lim,
sin (2x)tan (3x)
2
sin® (3x2)
o

65. lim,_,
66. lim,_,¢

In Exercises 67—73, use algebraic manipulation (as in
Example 5) to evaluate the limit.

. 2
67. lim, ., 2~
" 1<ﬁ—1)
A —4
68. lim, , I
" 4<\/§72)

69. limhﬁo

h
V1+2h—

(3+t 3)
71.1im,,ﬁ0( 2

70. limt_,()

~

i)
hWai+h h
72. lim, 4 < v8-x—2 >
5—x—1
. Vx—2
73. lim,_,
o Vx+5-3
In Exercises 74—80, evaluate the one-sided limits.
. -3
74. 1 LXT2
lmxa?y |X _ 3|
. -3
75. lim, 3~ >
S. lim 3 |x_3|
2
76. lim,_s- (6 J;x + V13— 2x>
77. lim, 4 x+v16 —3x
x+ V16 —x?
. sin(x)
78. lim, _, o+ NG
. sin(x)
79. lim, _, 4+ VG
_ 2 _
80. lim, ., (Vx—1)vx ! 23x +2
(1-x)¥

81. Suppose that ¢, and ¢, are two unequal numbers.
g0 = |01 —£2]/2. Notice that e7>0. Suppose that
limy_f(x)=¢;. Then there is a §é;>0 such that
|f(x) — 1| <ep for all values of x satisfying
0<|x —c|<é;. Show that there is no ¢, >0 such that
If(x) —f2] <eo for all values of x satisfying
0<|x—c|<é,. Conclude that lim,,f(x)=4¢ is
impossible.

82. Prove the following variant of Theorem 5: If
lim,_.f(x)/g(x) exists, and lim,_.g(x)=0, then
lim, . f(x)=0.

In Exercises 83—86, use the Pinching Theorem to establish
the required limit.

83. If 0 = f(x) = x? for all x, then lim,_,q f(x)/x =0.

84. If |g(x)— = /x|, and if limc,of(x)=¢, then
lim, ¢ g(x) = ¢.

85. If lim,_.|f(x)| =0, then lim,_. f(x) = 0.

86. If lim, _,.f(x) =0, then lim,_ . f>(x) =0



Computer/Calculator Exercises

87.

88.

89.

fOf

Using Theorem 3, we obtain

x3

Y2 20x+2
As x—27" about how close to 2 must x be to ensure that

lim, _,

3

x2—=29x+2

Ilustrate this by a graph of f(x) = x*
appropriate viewing rectangle.
It can be shown that

—40/<0.1?

/(x* —2.9x +2) in an

VAT L
x%ﬂ*\/sm (2x) V2

Find an interval I with center 7 such that

Vx—m 1
4/sin(2x) V2

for x in [. Illustrate this by a graph of f(x)=

\/x —7/4/sin(2x) in an appropriate viewing rectangle.
Calculate ¢ =lim,_,(x* —3x?> +2x + 1). Find an interval
I with center 2 such that

<0.01

| =3x* +2x+1)— ¢ <0.1

2.3 Continuity

|
|
|
|
|
Py
A d

Figure 1 f(x) has the limit

f(c) as x tends to c.

The Definition of
Continuity at a Point

90.

91.

92.
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for x in I Illustrate this by a graph of f(x)=x°—
3x? + 2x + 1 in an appropriate viewing rectangle.

Verify that lim, 1 (2x*/(x + 1)) = 1. For e =1/100, use a
computer algebra system to determine exactly what 6 (in
the definition of limit) should be.

Graph g(x) =sin(x°)/x for —45 <x =45 where x°
means “x degrees.” Use your graph to determine the
value of lim,_0g(x).

Graph g(x) = (1 — cos(x

x’ means “x degrees.”
value of lim,_o g (x).

°))/x? for —45 = x = 45, where

Use your graph to determine the

In each of Exercises 93—96, plot the given functions g, f,

and /4 in a common viewing rectangle that illustrates f being
pinched at the point ¢. Determine lim, _, . f(x).

93.

94.

95.

96.

g(x) =2, f(x) =2+ (x—1)’cos? (x/(x — 1)),
h(x)=2+|x—l\/4 c=1

gx) = ) =(x— 2(Z-i-sin(tan(7r/)c))>~
(x— )Jl(x) 3(x—2)* =2

g(x) = =2|x|, f(x) =cos(x —1/x) — cos(x + 1/x),
h(x)=2]x|] ¢=0

gx)=2—4x|, f(x) =2 +x?)/(1+x?) +sin(x + 1/x) +

sin(x —1/x),h(x)=2(1+|x|]) ¢=0

When we drive along a high-speed road, we frequently cannot see very far ahead.

We learn to drive as though the portion of the road immediately beyond our vision

is the obvious extension of the portion of the road that we can see. What we are

doing is computing the limit of what we see. Usually, the actual state of the road

coincides with what we have anticipated it will be (i.e., the road is continuous). If
x the road has been damaged, or if a bridge is out, then the actual state of the road
c does not coincide with what we have anticipated (the road is discontinuous). In this
section, we develop mathematical analogues of these ideas.

Here is a precise definition of continuity of a function at a point.

Suppose a function fis defined on an open interval that contains
the point c. We say that fis continuous at c, provided that

See Figure 1.

lim £(x) = f(c).
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f(c+ Ax)
f()

Limits

Figure 2 A small input error
near a point of continuity results

in a small output error.

An Equivalent
Formulation of
Continuity

flc+Ax) |-~ f

f(© /

Figure 3 A small input error
near a point of discontinuity can

+ Ax

result in a large output error.

Figure 4

o4

o~

When we say that fis continuous at ¢, we are asserting three things:

1. fis defined at c;

2. there is a certain value lim,_, . f(x) that we expect f to take at c (i.e., lim,_,. f(x)
exists); and

3. the expected value lim,_,. f(x) agrees with the value f(c) which value f actually
takes at ¢ (lim,_. f(x) = f(c)).

We consider continuity of a function only at points of its domain. For instance,
we would not say that the function f(x) = sin(x)/x is continuous at 0 because 0 is
not in the domain of f. If a point c is in the domain of f, and fis not continuous at c,
then we say that fis discontinuous at c. Such a point is called a point of discontinuity
of f. If c is a point of discontinuity of f, then either f(x) does not have a limit as x
approaches c, or the limit exists but is not equal to f(c).

When a function fis continuous at every point of its domain, then we say that fis
a continuous function. The theorems about limits that were developed in Section 2.2
show that polynomials, rational functions, n'" roots, and trigonometric functions are
continuous functions.

The continuity of f at ¢ can be expressed in another form. Let Ax denote an
increment in x. Write x = ¢ + Ax, and observe that x—c is equivalent to Ax—0.
With this notation, the continuity of f at ¢ is equivalent to

lim e+ Ax) =f(c).

Imagine an experiment to determine the mass y = f(x) of a compound that is
produced by a chemical reaction with a substance that has mass x. Suppose the
value of x in the experiment is taken to be c. Inevitably, there will be a small
measurement error Ax. With care, the actual value of x, ¢ + Ax, will be close to the
desired value ¢, but it will usually not be exactly c. Although the result of
the experiment is intended to be f(c), it is really f(c + Ax). However, the result
of the experiment is not necessarily unreliable. If ¢ is a value at which f is con-
tinuous, then the difference between f(c + Ax) and f(c) can be made small by
controlling the size of the measurement error Ax. In other words, sufficiently small
errors in the independent variable x result in correspondingly small errors in the
dependent variable y (see Figure 2). By contrast, if ¢ is a point at which f is
discontinuous, then a very small nonzero value of Ax can result in a substantial
error, f(c + Ax) — f(c), in the outcome of the experiment (see Figure 3).

» EXAMPLE 1 Let

_ -4  ifx<1
F(")‘{—x—ss ifx=1"
Verity that F is continuous at every c in R.
Solution If ¢ <1, then

lim F(x) = lim (—4) = —4 = F(c).

X—cC xX—c



77 4 6 8 10
Figure 5
2 _
X —6x+5 it x#£5
F(x)= x—5
4 if x=5
y
8_-
o+ y=G()
4__
2__
2 3 4 6 8
Figure 6
X2 if x<3
Gx)=<9 if x=3
0 if x>3
y
8__
y = H(x)
6__
4__
2__
8

o ot
we
4
o4

Figure 7
X2 if x<3
Hx)=<¢0 if x=3.
9 if x>3
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If ¢ >1, then
lim F(x) = lim (—x —3) = —c—3=F(c).

X—=C X—C

If ¢ =1, then we see, by checking both on the left and on the right, that

lim F(x)= lim (-4)=—-4=F(1) and lim F(x)= lim (—x—3)=—-4=F(1).

x—1" x—1 x—1t x—-1"

Therefore F is continuous at every ¢ in R (see Figure 4).

» EXAMPLE 2 Let

Is F a continuous function?

Solution We must investigate F at each point c of its domain R. First suppose that
¢ # 5. Because the denominator of F(x) is never 0 when x is near such a value of c,
we may apply Theorem 2c from Section 2.2:

2 _
lim F(x) = % =

F(c).

Next we consider ¢ =5. Remember that, when we compute lim,_,sF(x), we use
values of x near 5 but not equal to 5. Consequently, the quantity x — 5 is nonzero.
Observe that this expression appears not only in the denominator of F(x), but also
in the numerator x*> —6x +5, which factors as (x —5)(x —1). Of course, any
nonzero expression that appears in both the numerator and denominator of a
fraction may be cancelled. Therefore

W=D tim (e 1) = 4= F(5),

2 _
lim F(x) = im*—%*3 _ iy
x—5 x—5 x—95 x—5

which shows that F'is continuous at ¢ = 5. In summary, we have demonstrated that Fis
continuous at every point of its domain. By definition, it follows that F is a continuous

function. Figure 5 shows the graph of F in the viewing window [0, 10] X [—1, 9].

» EXAMPLE 3 Let

x* if x<3 x2 if x<3
Gx)=<¢9 if x=3 and Hx)=<¢ 0 if x=3.
0 if x>3 9 if x>3

See Figures 6 and 7. Discuss the continuity of G and H at ¢ = 3.

Solution Observe that lim,_,3G(x) does not exist because lim, ;+G(x) =0 and
lim, 3~ G(x) =9. So it is certainly not the case that lim,_,3G(x) = G(3). Thus G is
discontinuous at ¢=3. Although lim,_3H(x) exists, lim, 3H(x)=9 # H(3).
Therefore H is also discontinuous at ¢ =3. <«
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Figure 8
RUICI TN

F(x)= X
1 ifx=0

Continuous Extensions

> EXAMPLE 4 Show that the function

sin(x)

Fix) = if x £0

1 ifx=0

is continuous at ¢ = 0.

Solution Theorem 8 from Section 2.2 tells us that lim,_o F(x) =1 = F(0). Thus F
is continuous at 0 (see Figure 8). <«

Consider a continuous function f that is defined on an interval (a, c) to the left of ¢
and on an interval (c, b) to the right of c. Can we assign a value to f at c to create a
continuous function on (a, b)? More precisely, is there a continuous function F that
is defined on the entire interval (a, b) such that F(x) = f(x) for x # ¢? The answer
is that F exists precisely when lim,_,.f(x) exists. If we let £ =1lim,_,. f(x), then the
function F defined by

F(x)={f(x) if x # ¢

/ ifx=c

is continuous. We refer to F as the continuous extension of f. This situation is illustrated
in Figure 9. Because the domain of Fis larger than the domain of f, we see that F is not
the same function as f. Refer back to Example 2, and you will see that the function F of
that example is a continuous extension of x> (x> —6x +5)/ (x —5). Similarly, the
function F of Example 4 is a continuous extension of x— sin (x)/x.

y y
/\/\f /\/_\F
| |
| |
| |
| |
l l
. 5 X . . X
a c b a c b
Figure 9a Figure 9b The continuous extension of f

» EXAMPLE 5 Let
_[x¥*-14 ifx<—4 _[x¥*-3 ifx<—4

f@y_{x+7 itx>—4 09 8W=U9 1 s 4
Is it possible to define a continuous extension of f? Of g?
Solution Because, the left limit, lim,_ 4 f(x) = (—4)>—14=2, and the right
limit, lim, ,  ,+ f(x) = (—4) +7 =3, are unequal, we see that lim,_, 4 f(x) does not
exist. Therefore no continuous extension exists. On the other hand, as x
approaches —4 from the left, the value g(x) = x> — 3 approaches 13. In addition,



y
\
1 1 I 1 x
A e A I
O’f/f-/
Figure 10
_[x2-14 ifx<—4
f(x)_{x+7 if x> —4
() = -3 ifx<—4
g 9—x ifx>—4
y
0.4+
02+
v NAwar
-05 \/ \/ 0.5
0.2+
Figure 11
. (1 .
-sin| — if 0
F(x)= o (x) X7
0 if x=0

One-Sided Continuity

o e

/|

|

|

|

l

¢
Figure 12 fis right-

continuous at c.
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as x approaches —4 from the right, the value g(x) =9 — x also approaches 13. Thus
lim,_, 4 g(x) =13, and the function

_Jsx) ifx#—4
G(")_{ 13 ifx=—4

is a continuous extension of g. The graphs of f and g (see Figure 10) clearly
illustrate the different behaviors of the functions at x = —4. <«

We sometimes say that a function is continuous if its graph has no “jumps” or if
the graph can be drawn without lifting the pencil from the paper. These intuitive
concepts are helpful in treating some of the preceding examples. However, the

continuous function
. 1 .
x-sin{ = if x#0
X

0 ifx=0

Flx)=

that we considered in Example 6 from Section 2.2 is much more difficult to
understand in this informal manner. The graph oscillates rapidly near the origin, as
shown in Figure 11, and the truth is that we cannot really draw the graph with or
without lifting the pencil from the paper. It is precisely because of functions like
these that we have gone to the trouble of learning careful definitions of “limit” and
“continuous.” These careful definitions enable us to say exactly at which points a
function is continuous and at which points it is not.

In calculus, we frequently study functions that are defined on intervals that have an
endpoint. In such cases, we can approach the endpoint only from one side. There
are other situations in which we can approach a point in the domain from each side,
but the behavior of the function is quite different on the two sides. We require a
concept of continuity that is appropriate for such cases.

Suppose fis a function with a domain that contains [c, b). If

lim f(x) = f()

then we say that f is continuous from the right at ¢, or fis right-continuous at c.
Figure 12 exhibits a function that is right-continuous at c.

Suppose fis a function with a domain that contains (g, c]. If
lim £(x) = £(c),

then we say that f is continuous from the left at ¢, or f is left-continuous at c.
Figure 13 shows a function that is left-continuous at c.
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-

fo) /

|
|
|
|
|
|
|
|
|
c

Figure 13 fis left-continuous
at c.

o — e

/

|

|

|

|

c

Figure 14a Examples of

functions with jump
discontinuities

Some Theorems about
Continuity—Arithmetic
Operations and
Composition

Just as in the definition of continuity, the notions of left and right continuity at ¢
entail three requirements:

1. The point c is in the domain of f.
2. The one-sided limit at c exists.
3. The one-sided limit must equal f(c).

Also notice that “fis continuous at ¢” is equivalent to “fis left continuous at ¢ and
right-continuous at ¢.” If lim,_, .+ f(x) and lim,_, .- f(x) both exist but are different
numbers, then fis said to have a jump discontinuity at c (see Figure 14).

fOp .

N4 /|

Figure 14b Figure 14c

> EXAMPLE 6 Is the function

_f2x ifx<4
8N =12 ifr=4

continuous from the left at 4?7 Is it continuous from the right at 4?
Solution The function g satisfies

xlil?* glx)= xlir?* 2x=8 # 16=g(4).
Thus g is not continuous from the left at 4. However,

lim g(x) = lim x> =16 =g(4).
x—4" x—4"

Therefore g is continuous from the right at 4. <«

Our work with the concept of continuity would be tedious if we had to check, from
the definition, whether each function that we encounter is continuous. For-
tunately, the limit theorems from Section 2.2 give rise to analogous theorems
for continuity.
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Figure 15
H (x) = sin (x)/(x*> — 6x + 5)
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Let o be a constant.

a. If fand g are functions that are continuous at x =, then so are f + g, f — g,
a-f,and f-g. If g(c) # O, then f/g is also continuous at x = c.

b. If fand g are both right-continuous at x = ¢, thenso are f + g, f — g, a - f, and
f-g. Ifg(c) # 0, then f/g is also right-continuous at x = ¢. The same is true if
right continuity is replaced with left continuity.

Theorem 1 follows from the corresponding results about limits in Theorem 2
from Section 2.2.

» EXAMPLE 7 Let F(x) =sin(x), G(x) =x> —6x + 5,and H(x) = F(x)/G(x).
For which values of x is H continuous?

Solution As was mentioned earlier in this section, the limit theorems from Section
2.2 tell us that trigonometric functions and polynomials are continuous. In
particular, the functions F and G are continuous at every point of the real line.
Therefore the function H is continuous at every value of x for which
G(x) =x> —6x +5=(x —1)(x — 5) is nonzero. Thus H is continuous at each point
different from 1 and 5. The points 1 and 5 are not in the domain of H, so we do not
speak about the continuity of H at these points. The plot of H in the viewing
window [—2,8] X [-15,15] (see Figure 15) indicates that H does not have a
continuous extension at the exceptional points. <«

If the image of a function fis contained in the domain of a function g, then we
may consider the composition (gof)(x)=g(f(x)). This equation defines an
operation that consists of first applying f and then applying g. In general, using the
limits of f and g to calculate the limit of the composite function gof can be tricky.
Exercises 55—57 at the end of this section explore the possibilities. The following
theorem assures us that nothing unexpected happens when both f and g are con-
tinuous: Composition preserves continuity.

Suppose the image of a function f is contained in the domain of a
function g. If fis continuous at ¢, and g is continuous at f(c), then the composed
function gof is continuous at c.

» EXAMPLE 8 Is x—cos(x? + 1) continuous at every x?

Solution The functions f(x) = x> + 1 and g(x) = cos(x) have the entire real line as
their domain, and they are continuous at each point. Therefore (gof)(x)=
cos ()c2 + 1) is defined for every value of x, and, by Theorem 2, it is continuous at
every x. <«

The next two theorems about continuity depend on a deeper property of the real
numbers—the completeness property. When we imagine the real numbers, we are
accustomed to picturing a line (the real number line) that has no gaps in it. The
analytic formulation of this idea is the completeness property of the real numbers.
There are a number of equivalent ways to express the property precisely. One
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B=f()

a=f(a)

Figure 16

formulation is the mnested interval property, which is discussed in Genesis &
Development, Chapter 1. Another is the least upper bound property of the real
numbers—see Genesis & Development, Chapter 2. A third formulation of the
completeness property is discussed in Section 2.6.

Like many theorems in calculus, the two theorems that follow require that we
use the notion of a function f being continuous on a closed interval [a, b]. This
means that f is continuous at every point in the open interval (a,b), f(x) is right-
continuous at a, and f(x) is left-continuous at b. In particular, if fis continuous on
[a, b], then the functional values f(a) and f(b) at the endpoints are the same as the
one-sided limits of f at the endpoints.

(The Intermediate Value Theorem). Suppose that f is a con-
tinuous function on the closed interval [a, b]. Suppose further that f(a) # f(b).
Then, for any number ~ between f(a) and f(b), there is a number ¢ between a
and b such that f(c) = ~.

In simple language, Theorem 3 states that continuous functions do not
skip values. If fis continuous and takes the values « and (3, then f takes all the values
between o and 3 (see Figure 16). In even plainer language, the graph of f does not have
jumps—a jump would correspond to skipped values. This explains why we sometimes say
that a continuous function can be graphed without lifting the pencil from the paper.
Although we now understand this statement to be purely informal, we can use it to guide
our intuition.

> EXAMPLE 9 Is there a point in the interval (0,2) at which the function
f(x) = (x¥*+1)? takes the value 10?

Solution Because it is a polynomial, the function f(x) = (x*>+ 1)? is continuous.
We can easily find values a and b such that ~ =10 is between f(a) and f(b). For
example, if a=0, and b =2, then f(a)=1<10<81=f(b). According to the
Intermediate Value Theorem, we can be sure that there is a number ¢ betw